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ABSTRACT 


An  analytical  investigation  of  the  dynamic  behavior  of  tethered  balloons 
is  in  progress.  This  report,  the  second  of  three  scientific  reports,  covers  a 
study  of  stability  characteristics  of  tethered  balloon  systems.  Balloon  systems 
which  are  investigated  use  the  British  BJ  Barrage  Balloon,  the  Vee  Balloon  and 
a  Goodyear  Aerospace  Model  No.  1649  Single-Hull  Balloon.  The  m._jor  tether  con¬ 
struction  is  Columbian  Rope  Company's  NOLARO  utilizing  prestretched  polyester 
filaments.  Three  design  altitudes,  5,000,  10,000  and  20,000  feet, are  considered. 

The  model  for  the  tethered  balloon  system  consists  of  the  streamlined 
balloon  and  a  tether  made  up  of  three  discrete  links.  The  derivation  of  equa¬ 
tions  of  motion  for  this  system  in  three  dimensions  is  presented.  The  equations 
are  linearized  and  treated  as  uncoupled  in  the  longitudinal  and  lateral  degrees- 
of  freedom.  Characteristic  equations  which  incorporate  the  physical,  aerodynamic, 
and  mass  characteristics  of  the  system  are  devoir, ed.  Computer  programs  for  the 
IBM  360  digital  computer  are  presented  to  determine  the  characteristic  equations 
of  the  systems,  and  obtain  the  roots  which  represent  the  frequency  and  damping 
qualities . 

An  exploratory  investigation  to  establish  the  trends  of  stability  character¬ 
istics  for  various  design  parameters  is  reported.  Design  parameters  considered 
include  balloon  shape  and  altitude,  trim  angle  of  attack,  vertical  location  of  the 
bridle  confluence  point,  net  static  lift,  tail  size,  reduced  wind  profiles,  varying 
altitude  as  encountered  in  launch  and  retrieval,  payload  location,  and  winch  location 
above  mean  sea  level. 
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SECTION  I 


INTRODUCTION 


The  objective  of  this  program  is  to  investigate  the  dynamic  behavior  of 
tethered  balloons  and  in  so  doing  to  establish  design  criteria  for  tethered 
balloons,  tethers  and  payloads.  The  program  is  organized  into  three  steps: 

(1)  Definition  of  balloon  systems  for  dynamic  analysis 

(2)  A  study  of  stability  characteristics  of  tethered  balloon 
systems 

(3)  A  study  of  dynamic  response  of  tethered  balloon  systems  to 
wind  gusts 

Reference  1  presents  a  definition  of  tethered  balloon  systems  to  be  used  for 
dynamic  studies.  This  second  scientific  report  presents  a  development  of  the 
equations  of  motions  describing  the  behavior  of  tethered  balloons  and  a  parametric 
study  of  stability  characteristics  of  the  tethered  balloon  systems  presented  in 
Reference  1.  Additional  aerodynamic  and  mass  characteristics  data  developed  for 
the  dynamic  analysis  is  included  in  Appendix  C  to  this  report. 

The  system  is  defined  as  a  balloon  tethered  at  the  end  of  a  cable  which  is 
fixed  to  a  stationary  winch.  The  tether  is  represented  by  "N"  straight  links,  each 
of  the  same  length.  The  links  are  considered  rigid  and  connected  to  each  other  hy 
frictionless  hinges.  Goodyear  Aerospace  Corporation  has  employed  this  method  of 
representation  of  the  tethered  system  for  other  studies  such  as  that  described  in 
Reference  2. 
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SECTION  II 


BALLOON  DESCRIPTION 


The  balloon  systems  evaluated  in  this  stability  investigation  have  been 
described  in  Reference  1.  The  three  balloon  types  in  these  systems  are  the  British 
BJ  Balloon,  the  Vee-Balloon*  and  the  GAC  No.  1649  Single  Hull  Balloon  as  depicted 
in  Figures  1,  2,  and  3.  The  nominal  tethered  systems  characteristics  defined  in 
Reference  1  are  summarized  in  Tables  I  and  II. 

Static  and  dynamic  aerodynamic  characteristics  for  the  balloons  have  been 
determined  from  experimental  data  where  available  and  by  analytical  techniques 
otherwise.  The  aerodynamic  characteristics  are  presented  and  discussed  in  Appendix  C 
along  with  additional  mass  and  suspension  system  geometries  which  were  not  included 
in  Reference  1. 

Design  parameters  varied  in  the  stability  investigation  include  the  trim  angle 
cf  attack,  vertical  location  of  the  suspension  system  confluence  point  below  the 
balloons,  the  free-static  lift,  and  the  tail  size. 

The  trim  angle  of  attack  can  be  controlled  by  locating  the  confluence  point  of 
the  suspension  system.  The  location  of  this  point  is  established  by  the  two  coordinates 
as  shown  in  Figure  1.  The  fuselage  station  from  the  nose  and  the  waterline  below  the 
centerline  of  the  balloon  defines  this  point.  The  trim  angle  of  attack  change  as  a 
function  of  bridle  apex  point  location  has  been  calculated  and  is  given  in  Appendix  C. 

The  free- static  lift  as  used  in  this  report  is  the  excess  buoyant  lift  provided 
by  the  balloon  after  the  balloon  physical  weight  and  the  weight  of  the  tether  in  no 
wind  is  supported. 

Nominal  tail  sizes  for  each  balloon  are  depicted  in  Figures  1,  2,  and  3.  For 
the  British  BJ  Balloon,  tail  size  is  increased  and  decreased  about  the  nominal  by 
changing  the  linear  dimensions  of  each  of  the  three  tails  and  maintaining  similar  pro¬ 
portions.  The  intersection  of  the  trailing  edge  of  the  tails  and  the  hull  is  maintained 
at  the  same  point  for  all  tail  sizes.  For  the  Vee-Balloon  the  horizontal  tail  geometry 
is  maintained.  The  vertical  tails  are  increased  in  size  in  two  steps  for  tails  below 
the  hulls.  Also  investigated  are  the  conditions  where  vertical  tails  are  located 
symmetrically  above  and  below  the  hulls.  In  addition  to  establishing  aerodynamic 
characteristics  for  these  tail  configurations  as  noted  in  Appendix  C,  the  increase  in 
physical  mass  and  additional  mass  was  computed  and  used  in  the  determination  of  stability 
characteristics. 

Ascent  and  descent  studies  for  a  specific  balloon  also  incorporate  the  change  in 
mass  characteristics  due  to  air  density  changes  with  altitude. 


T.M.  Goodyear  Aerospace  Corporation,  Akron,  Ohio 
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MAXIMUM  DIAMETER 


Vee-Ba!  loon  Coiuiguration 


Table  I.  Summary  of  Balloon/Cable  Systems 


Table  IX.  Summary  of  Cable  Solutions 


B«licwn  Type  Altitude  Hull  Tether 
Volume  Type 

(tt)  (ft3) 


RJ 

h  • 

5.000  (t 

t  - 

1,500  lb 

Vte-Balioon 

h  ■ 

lo.ooo 

ft 

P  - 

1,000 

lb  j 

»J 

h  • 

10, occ 

ft 

r  • 

1,000 

lb 

#1649  v/Thin 

Fin* 

h  • 

10,000 

ft 

P  - 

i 

1,000 

tb 

h  * 

20,000 

ft 

P  - 

600 

lb 

46,000 

NOLARO 

40,000 

NOURO 

144,000 

AtfCAL 

_ 

60,000 

NOURO 

75,000 

AHGAL 

80,000 

NOLAXC 

133,000 

AHCAL 

500,000 

1 

NOURO 

0 

166.7 

1,646 

155.9 

7,814 

0.08281 

0.32427 

4,495 

143.7 

9.106 

130.2 

_  1 

17,231 

112,0 

9.107  27.436 


Figure  3.  GAC  No.  1649  Balloon  Configuration 
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SECTION  III 


PARAMETRIC  DESIGN  CONDITIONS 


In  this  study,  a  number  of  parameters  were  chosen  that  would  demonstrate  how 
different  design  conditions  would  affect  the  stability  of  a  tethered  balloon  system. 

The  major  parameter  was  a  balloon  type.  The  BJ  Balloon,  Vee-Balloon,  and  the  GAC 
1649  Balloon  are  compared  with  variations  in  trim  angle,  waterline  location  of  the 
bridle  apex,  and  free-static  lift.  In  addition  to  these  parameters,  the  BJ  balloon 
was  studied  extensively. 

One  BJ  Balloon  was  designed  for  operation  at  5000  feet  and  another  at  20,000  feet. 
An  Amgal  tether  was  used  with  a  balloon  trim  angle-of-attack  variation.  The  tail  size 
on  the  BJ  Balloon  was  both  decreased  and  increased  in  area.  The  steady-state  wind  pro¬ 
file  was  reduced  in  discrete  increments.  To  show  the  effect  of  stability  during  ascent 
and  retrieval,  the  BJ  Balloon  designed  for  10,000  feet  was  flown  at  lowe r  al ti tudes 
by  shortening  the  tether  length  Three  separate  payload  locations  vere  investigated. 
Lastly,  it  was  assumed  that  the  winch  was  positioned  at  5000  feet  altitude. 

A  further  investigation  on  the  Vee-Balloon  was  vertical  tail  sizes  on  the  top 
and  bottom  of  the  hulls. 

All  of  the  above  variations  were  studied  in  both  the  longitudinal  and  lateral 
degrees-of-freedom.  Tables  III  and  IV  tabulate  all  of  the  conditions  investigated  by 
run  number. 

Tables  III  and  IV  also  contain  the  remaining  input  data  used  for  each  run  as 
numbered  in  the  first  column.  Note  that  it  is  necessary  to  use  one  row  in  Table  III, 
Sheet  1  or  Table  IV,  Sheet  1  and  the  corresponding  row  in  Table  III,  Sheet  2  or 
Table  IV,  Sheet  2  to  make  one  longitudinal  run  and  one  lateral  run  for  a  given  system 
condition.  The  variable  headings  at  the  top  of  each  column  are  defined  in  the  nomen¬ 
clature  of  Appendix  B. 

Table  V  is  the  standard  operational  wind  profile  (100%)  used  in  all  of  the  runs. 
Runs  15  to  19  used  smaller  percentages  of  these  values  as  indicated  in  Table  III. 

Table  VI  is  a  list  of  the  moment,  lift,  and  drag  coefficients  versus  angle-of-attack 
used  for  each  balloon.  The  only  variation  in  these  curves  occurred  in  runs  13  and  14 
when  a  small  (817.  of  nominal  area)  and  largo  (144%  area)  tail  were  studied  on  the 
BJ  Balloon.  These  coefficients  were  changed  from  the  test  values  by  subtracting  the 
calculated  effect  of  the  standard  tail  and  adding  the  calculated  effect  of  the  new 
tail  size.  The  drag  change  is  mainly  due  to  induced  drag.  The  following  equations 
were  used: 
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Table  III*  Design  Parameters  and  Computer  Input  Data  for 

BJ  Balloon  (Sheet  1) 


Table  III.  Design  Parameters  and  Computer  Input  Data  for 

BJ  Balloon  (Sheet  2) 


Table  IV.  Design  Parameters  and  Computer  Input  Data  for  VEE 
and  GAC  1649  Balloons  (Sheet  1) 


Bun  Wo. 

Balloon 

Balloon 

Altituda 

fathaz 

iyp« 

— 

(fM 

— 

Typt 

w««-  !  , 

tin#  I  (ft) 


io,  ooo  ,  aciAiio 


Wind 
Prof il* 

1%) 


•0,000  j  100 


LONGITUDINAL 


10,000  WO  LA  AO 


1*49  10,000  HOLAJtO  100% 

W/T.f.,  | 


}  (ft)  I 


2,134  *  4, §22  31.04 

1  !  !  :  1 

*  1,260  ■ 

i  ! 

166,300 

47.0 

| 

169.0 

t 

i  i  : 

•  2,334  j 

i 

! 

i  !  1 

I 

■  ! 

i 

, 

j  2.50*  : 

!  ( 

!  :  ’ 

j 

j 

|  2,*§2  i  4.022  ! 

144. 300 

J 

r 

;  2.40i  ;  «.« 

32  1 

* 

167,900 

; 

; 

;  2.424  1  4.1 

(42  '  j 

i  | 

170,000 

1 

i 

1  2.40*  .  4.1 

»  ;  ! 

1  J  1 

166,000 

I 

i 

2.550  |  4,1 

52  ;  1 

t 

172, 300 

i 

j  2,6*0  ;  4.1 

72  i  31.04 

1 

1.260  1 

176,000 

47.0 

s  169.0 

1 

i  ; 

2, 700  !  5, 

'  | 

; 

16  ;  31.06 

i  ! 

i. cis  : 

i 

249,400 

l 

T 

(  169.4 

J 

2,  700 

i 

t 

1  } 
j  ; 

'  !  i 

i  i 
;  !  i 

• 

! 

■ 

1 

i 

2,952 

!  i 

i  1  ' 

i 

1 

’ 

;  i 

1  3.116  5, 

M6  i  31.04 

1,015  j 

249.400 

14.7 

1  169.4 

Table  IV.  Design  Parameters  and  Computer  Input  Data  for  VEE 
and  GAC  1649  Balloons  (Sheet.  2) 
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a  (I) 


(1) 


I 


C„B  (I>  -  C„B0  <»  +  C„C 


CLB  <»  =  CLBO  <»  +  CLC  “<» 


CDB  <» 


'  CDBO  (I)  +  C' 


DC1  LBO 


(I>2  +  °DC2  CLB  (I)J 


(2) 


(3) 


where  the  "0”  subscript  indicates  the  nominal  value  and  C^,  Ct£,  Cpci*  an(*  ^DC2 
are  given  in  Table  III.  (I)  indicates  a  specific  angle  of  attack. 


Table  V.  Standard  Operational  Wind  Profile 


Altitude  (feat) 

0.0 

5000 

10,000 

20,000 

25,000 

Wind  Velocity  (ft/sec) 

16.9 

52.3 

67.5 

91.1 

99.9 

Table  VI.  Moment,  Lift,  and  Drag  Coefficients 
vs  Angle-of-Attack 


Angle-of-Attack 

(Deg.) 

-5 

0 

5 

10 

12 

15 

- 

20 

25 

0.0137 

0.0103 

-0.0005 

0.0044 

0.0050 

-0.0075 

-0.0780 

BJ  CL 

-0.1100 

0.0063 

0.1368 

0.2514 

0.2991 

0.3710 

0.6200 

CD 

0.1100 

0.0764 

0.0865 

0.1133 

0.1279 

0.1527 

0.3000 

°tn 

-0.010 

0.030 

0.103 

0.110 

0.113 

0.102 

0.090 

0.022 

Vee  Cl 

-0.400 

0.0 

0.570 

1.210 

2.030 

CD 

0.160 

0.230 

0.265 

0.340 

0.740 

Cm 

0.074 

-0.010 

-0.074 

-0.120 

•0.170 

-0.190 

-0.310 

mm 

GAC  Cl 

-0.240 

0.0 

0.210 

0.380 

0.450 

0.560 

0.830 

hH 

CD 

0.105 

0.085 

0.090 

0.110 

0.140 

0.230 

mm 
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SECTION  IV 


GENERAL  STABILITY  THEORY 


The  purpose  of  this  study  is  to  analyze  the  stability  of  a  tethered  balloon 
around  its  equilibrium  configuration  (References  3,  A,  and  5).  The  equilibrium 
configuration  can  be  defined  as  that  position  which  demands  that  the  summation  of 
all  applied  moments  equals  zero.  The  equilibrium  is  said  to  be  stable  if,  for  any 
small  disturbance,  the  system  ultimately  returns  to  its  equilibrium  conditions. 

Two  types  of  stability  are  of  interest.  In  the  first  (statically  stable),  a  small 
displacement  of  the  system  will  create  forces  which  tend  to  return  the  system  to 
its  equilibrium  position.  The  second  (dynamically  stable)  produces  a  motion  which 
eventually  restores  equilibrium.  If  the  motion  is  periodic,  it  is  characterized 
by  a  damped  frequency  and  a  damping  ratio.  Similar  definitions  apply  for  statically 
and  dynamically  unstable  motions.  A  third  possibility  is  for  the  system  to  be  neutrally 
stable  during  which  the  motion  neither  diverges  nor  converges . 

It  was  necessary  during  thi3  study  to  develop  techniques  to  investigate  and  under¬ 
stand  the  stability  of  the  system.  To  this  end,  characteristic  equations  are  derived. 
Appendix  A  is  a  complete  derivation  of  the  equations  needed  fer  the  establishment  of  the 
characteristic  equations.  The  general  approach  is  as  fellows: 

(1)  Derive  the  nonlinear  equations  of  motion  in  three  dimensions  for 
each  degree-of-freedom 

(2)  Assume  the  motion  is  near  equilibrium  so  that  the  equations  can 
be  linearized  and  separated  into  a  longitudinal  motion  and  a 
lateral  motion. 

(3)  Laplace  transform  the  linear  equations  from  the  time  domain  to 
the  "S"  doman  assuming  that  the  initial  conditions  are  zero.  This 
establishes  a  matrix  equation  of  the  following  form: 

[a]  (x  (S)}  =  jof  (1) 

where  jx  (S) }  is  the  eigenvector  and  [ A  ]  is  a  square  matrix  whose  elements  are 
quadratics  in  S  containing  the  physical  properties  of  the  system. 

(4)  Expand  the  determinant  of  j  A  ]  such  that  the  ''haracteristics 
polynominal  is  obtained. 

Each  root  of  the  characteristic  equation  represents  a  term  in  the  general 
solution  of  the  form,  Aie  sit,  where  is  the  "i"th  root  and  A^  is  an  amplitude, 

dependent  on  the  initial  conditions  of  the  system.  Both  real  and  complex  roots 
may  appear  where  the  complex  roots  occur  in  conjugate  pairs.  In  general  for  "n" 
degrees  of  freedom,  the  characteristic  equation  will  yield  "2n"  roots.  Each  pair 
of  complex  conjugate  roots  represents  one  oscillatory  motion,  while  each  real  root 
represents  one  aperiodic  motion. 
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First  consider  an  oscillatory  system.  This  motion  is  characterized  by  two 

roots  of  the  form  =  X  ±  i  Y,  where  X  and  Y  are  real  numbers  and  i  =  V-l. 

Several  important  quantities  can  be  found  from  the  root.  The  natural  frequency 

associated  with  this  motion  is  -  'Jk  +  Y  .  The  damping  ratio  is  £  =  • 

The  damped  frequency  is  6^  =  <i>n  \f  1  -  £  ^  =  y.  It  is  also  of  interest  to  know 

the  time  to  half  amplitude  for  a  stable  root  or  the  time  to  double  amplitude  for  an 
unstable  root.  This  quantity  can  easily  be  found  by  considering  one  oscillatory 
motion.  The  general  solution  for  free  vibration  is 

2  =  Ce"  ^  Un  C  sin  (  u;  d  t  *  0)  (2) 


where 


0  is  the  phase  angle  dependent  upon  initial  conditions 
C  is  a  constant  dependent  upon  initial  conditions 

It  is  the  factor  e  t  that  establishes  the  nature  of  divergent  or  con 

vergent  part  of  the  solution.  If  the  system  is  convergent  £  will  be  positive 
and  the  half  amplitude  time  can  be  found  by  comparing  the  ratio  of  the  magnitudes 
of  the  factor  e“  £  w nfc  at  t2  and  tj. 


e  -  £  «n  (tj  -  tj) 


(3) 


i  n 


(4) 


Finally, 


0.693 

K 


(5) 


A  similar  procedjro  will  lead  to  the  same  expression  for  time  to  double 
amplitude  for  a  diverging  motion  (  £  is  negative).  The  time  to  double  amplitude 
is  an  important  quantity  for  a  diverging  motion  because  it  essentially  gives  a 
speed  to  the  divergence.  A  short  time  to  double  amplitude  is  of  more  concern  than 
a  slowly  diverging  oscillation. 


The  second  possibility  is  an  aperiodic  motion  given  by  the  expression 


where 


v#- 

Z  =  Ce  (6) 

X  is  the  real  part  of  one  root  and  the  imaginary  part  (Y) 
is  zero 
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If  X  is  negative:,  Z  approaches  zero  as  time  increases  indefinite. y  and 
the  motion  is  said  to  be  overdamped.  J^ike  the  oscillatory  motion,  roots  w.'fch  givj 
overdamped  motions  will  also  occur  in  pairs.  However,  unlike  the  complex  i  'njugate 
roots  which  result  in  one  oscillatory  motion,  each  real  root  is  a  distinct  motion. 
Therefore,  it  is  possible  for  a  "n"  degree-of-freedom  system  to  have  "2n"  distinct 
motions  if  the  system  is  so  heavily  damped  that  all  the  roots  to  the  characteristic 
equation  are  real.  Equation  (5)  also  applies  to  aperiodic  motion. 

There  is  a  third  possible  motion  which  is  a  borderline  case.  If  two  roots  are 
real  and  equal,  the  system  is  said  to  be  critically  damped.  The  motion  will  be 
aperiodic  and  both  roots  will  give  the  same  motion. 

The  general  solution  to  the  motion  of  the  system  is  a  linear  combination  of 
all  the  motions  defined  by  the  roots  to  the  characteristic  equation.  Associated 
with  each  root  is  a  mode  shape  which  gives  the  relative  amplitudes  of  each  degree-of- 
freedom  when  the  system  is  responding  to  one  particular  root.  It  is  of  interest  to 
establish  these  mode  shapes  so  that  each  stability  curve  can  be  associated  with  a 
definite  motion  of  the  whole  system.  For  example,  one  mode  shape  may  show  that  the 
pitching  motion  of  the  balloon  is  very  large  compared  to  the  motion  of  the  tether. 

To  find  the  mode  shapes,  the  following  procedure  is  used  (Reference  6 ) .  The  character¬ 
istic  equation  is  found  by  expanding  the  determinant  of  [\4J  >  equation  (1)  and 

setting  it  equal  to  zero.  If  one  of  the  roots  is  substituted  into  equation  (1),  the 
equation  becomes 


A  I  \K.\  =  0 

l j  n,  n  <  i  ’  n 


(7) 


Because  j  A  -  ^  |  -  0,  the  Xi‘s  are  linearly  dependent  and  the  rank  of  Aj*l  n  n  is 

n  -  1.  L  J 

Ir.  order  to  make  the  X^'s  linearly  independent,  eliminate  the  first  row  and 
the  equation  becomes: 


r A  ]  .  |X.  | 

,  ij  J  n-1,  n  <  l  » n 


=  0 


(8) 


Equation  (8)  can  be  expanded  as  follows: 


[a..]  .  jx.i  -[a  J  .  .  {  X.  I  .  +  |A.n  |  .  .  (X.) 

L  iji  n-l,n  1  i'  n  L  ijj  n-1, n-1  1  l  ‘  n-1  <  xl  >  n-1,  1  1  = 


0  (9) 


or 


LAij J  n-1,  n-l  {  xj  }  nl  ~  '  iAil^  n-1,  1 


(10) 
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The  elements  of  the  matrix  are  complex  and  the  eigenvector  will  also 

be  complex.  With  this  in  mind,  rewrite  equation  (10)  assuming  =  1  +  Oi. 

Thus,  the  mode  shapes  will  be  normalized . 


or 


fc.  +  i  G .  .  ]  .  .  jr.+iS.l  "  -  \  H  +  i  H  )  .  . 

L  ij  ijJ  n-1,  n-1  «  l  l  1  n-1  '  il  il’  n-1,  1 


(11) 


Kj]  In  l  -Kj]isi}  +  1  KJ  hi*-  IV  -‘t "ill  (i?) 


where  . ,  H^j  and  r^  are  the  real  parts  of  the  complex  elements  of  the  matrices 
and  Gi j ,Hi j  and  are  the  imaginary  parts  of  complex  elements.  Equation  (12)  is 
rewritten  in  partitioned  form  as  follows: 


>ij] 

[•  Gu] 

!'i- 1 

iHiil 

* 

[Gu] 

[  GiJ_ 

1-  i*iil 

(13) 


All  elements  in  equation  (13)  are  real  and  the  solution  of  the  eigenvectors 
and  will  give  the  mode  shape  in  component  form.  The  matrix  equation  (13) 
is  a  set  of  linear  real  algebraic  equations  which  can  be  solved  by  Grout  reduction. 
The  eigenvectors  which  are  solutions  to  (7)  are  finally: 


ViS! 

+  i  s„ 


r2 


r  .  +  i  S  . 
n-1  n-1 


(14) 


In  an  undamped  system  only  the  relative  amplitudes  are  arbitrary; 
damped  system  both  the  amplitude  and  the  phase  angle  are  arbitrary.  It 
been  stated  that  the  eigenvectors  have  been  normalized  by  assuming  that 
magnitude  and  phase  angle  of  the  other  elements  are: 


bu t  ’n  a 
has  already 
Yi  -  i.  The 


1/2 


(13) 


(16) 
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Since  each  complex  element  may  possess  a  different  phase  angle,  the  corresponding 
degree-of- freedom  may  reach  its  maximum  at  a  different  time  than  the  remaining  coordin¬ 
ates.  However,  cho  motion  is  synchronous  and  the  cyclic  pattern  will  repeat  itself 
with  the  maximum  excursions  decaying  exponentially  if  the  system  is  stable.  The  main 
interest  in  this  report  is  the  relative  amplitudes  aasociated  with  each  mode  and  more 
will  be  said  about  this  when  discussing  the  results. 
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SECTION  V 


RESULTS  AND  CONCLUSIONS 


1.  SUMMARY 

Mathematical  tools  have  been  developed  to  investigate  dynamic  stability 
of  tethered  balloons.  The  model  for  the  tethered  balloon  system  consists  of 
the  streamlined  balloon  and  a  tether  made  up  of  three  discrete  links.  This 
system  then  has  four  longitudinal  degrees  of  freedom  (balloon  pitch  and  three 
tether  link  pitchs),  and  five  lateral  degrees  of  freedom  (balloon  yaw  and  roll), 
and  three  tether  link  yaws  i.e.  lateral  rotation). 

In  general,  the  tethered  systems  have  five  longitudinal  modes  of  motion, 
three  oscillatory, and  two  aperiodic.  Some  conditions  investigated  have  four 
oscillatory  modes.  Generally,  the  modes  of  motion  are  similar  for  the  three 
balloon  types.  The  first  mode  is  a  low  frequency  motion  with  strongly  coupled 
balloon  and  tether  link  pitching.  Under  many  conditions  examined  this  long 
period  mode  is  near  neutrally  stable  for  sma) i  Vacillations  about  equilibrium 
which  are  assumed  in  the  analysis.  The  second  and  third  modes  are  balloon 
pitching  modes  and  are  moderately  damped.  For  the  tethered  systems  at  design 
altitude,  the  fourth  mode  is  an  overdamped  coupled  balloon  and  tether  pitching 
mode  and  the  fifth  mode  represents  an  overdamped  motion  in  balloon  pitch. 

Considering  the  BJ  balloon  at  10,000  feet,  the  longitudinal  dynamic 
characteristics  of  the  tethered  system  are  not  changed  in  a  major  manner  as 
a  result  of  angle-of-attack  trim  changes,  location  of  the  confluence  point 
below  the  hull  centerline,  free  static  lift,  payload  location  (when  the 
balloon  is  retrimmed  to  nominal  angle  of  attack)  or  tail  size.  The  first  mode 
becomes  slightly  stable  with  the  largest  tails,  with  the  payload  located  on  the 
belly,  and  for  a  system  with  AMGAL  tether.  As  the  system  designed  for  10,000 
feet  is  brought  to  lower  altitudes,  the  second  and  third  modes  become  less 
damped, and  the  fourth  and  fifth  modes  become  an  oscillatory  mode  with  less 
stability.  Generally  the  stability  of  the  system  designed  for  10,000  feet  re¬ 
duces  as  the  operational  wind  is  reduced.  An  exception  is  the  first  mode  where 
stability  improves  at  intermediate  wind  speeds. 

Tethered  systems  with  BJ  balloons  designed  for  the  three  altitudes  of 
5000,  10,000  and  20,000  feet  show  significant  increase  in  frequency  for  the 
second  and  third  modes  for  the  lower  altitude  systems. 

The  longitudinal  stability  characteristics  of  tethered  systems  with  the 
other  two  balloon  types  have  some  notable  differences  as  compared  tc  the  BJ 
balloon  system.  For  the  Vee-balloon,  at  low  angle  of  attack,  the  first  mode 
has  an  aperiodic  divergence  at  a  trim  angle  of  5  degrees.  At  higher  trim  angles 
of  attack, the  unstable  characteristic  of  this  mode  is  reduced.  The  GAC  No.  1649 
single  hull  balloon  exhibits  a  more  stable  first  mode  as  compared  to  the  other 
two  balloon  types. 

Turning  to  the  lateral  degrees  of  freedom,  the  lateral  modes  of  motion 
have  a  different  character  for  each  of  die  three  balloon  types.  The  BJ  balloon 
system  has  two  oscillatory  and  six  o' erdamped  aperiodic  modes,  the  Vee-balloon 
system  has  four  oscillatory  and  two  jverdamped  aperiodic  modes,  and  the  GAC 
No.  1649  single  hull  balloon  system  v>as  three  oscillatory  and  four  overdamped 
aperiodic  modes.  The  first  mode  is  a  low  frequency  neutrally  damped  motion  with 
strongly  coupled  balloon  yaw  ..’id  lateral  tether  link  rotation.  The  higher  modes 
are  various  combinations  of  the  lateral  degrees  of  freedom  including  coupled 
balloon  yaw  and  roll  modes,  balloon  roll  modes  and  coupled  balloon  yaw  and  roll 
and  lateral  link  rotations. 
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Design  parameter  changes  on  the  BJ  tethered  balloon  system  designed  for 
1C,00C  feet  altitude  resulted  in  no  major  effects  to  lateral  dynamic  stability 
characteristics.  As  would  be  expected , larger  tail  sizes  provided  greater 
damping  of  the  balloon  modes.  During  retrieval  of  the  10,000  foot  altitude  BJ 
balloon  design,  balloon  damping  was  reduced  at  the  lower  altitude  and  frequency 
of  the  balloon  tether  modes  was  increased.  The  first  mode  became  unstable  at 
I  1000  feet  altitude.  For  BJ  balloons  designed  for  various  altitudes,  the 

!  oscillatory  modes  show  greater  damped  frequency  and  less  damping  at  the  lower 

*  altitudes.  *  y 

tt 

P 

ft  The  lateral  dynamic  characteristics  of  the  Vee-balloon  are  notably 

f  different  in  that  four  oscillatory  modes  exist.  The  second,  third  and  fourth 

I  balloon  coupled  yaw  roil  modes  are  oscillatory  and  well  damped.  Tail  size 

t  affects  the  frequency  and  damping  of  these  modes  although  all  tail  sizes  do 

!  provide  a  stable  behavior.  The  lateral  dynamic  characteristics  of  the  GAC 

f  No.  1649  single  hull  balloon  are  similar  to  the  BJ  balloon  although  an  additional 

|  oscillatory  mode  exists. 

i 

[  2.  LONGITUDINAL  MODES  OF  MOTION 

i 

Before  discussing  the  stability  characteristics  as  given  in  complex  plot 
form,  it  is  advantageous  to  study  the  mode  shapes  of  the  different  roots  to  the 
characteristic  equations.  The  mathematical  approach  has  been  summarized  in 
t  Section  IV.  Figures  4  thru  8  are  typical  mode  shape  plots  for  the  longitudinal 

[  motions  of  the  tethered  balloon  (normalized  on  8);  Figures  9  thru  14  are  inode 

f  shapes  for  the  lateral  motions  (normalized  on  iii) .  Each  mode  shape  has  a  circled 

j  number  associated  with  it  for  identification  purposes.  The  mode  numbering 

■  sequence  starts  with  the  oscillatory  mode  with  lowest  natural  frequency  and 

numbers  the  oscillatory  modes  in  the  order  of  ascending  natural  frequency 
;  followed  by  aperiodic  modes  in  ascending  natural  frequency.  The  mode  shapes 

are  presented  only  as  a  means  of  identifying  the  type  of  motion  associated  with 
a  stability  root.  In  the  longitudinal  plots,  each  vector  from  the  origin  is 
labeled  as  9  Cw  (£2,  or  Cs  which  identify  the  longitudinal  degrees-of-freedom 
where  is  the  link  rotation  closest  to  the  ground.  8  is  the  pitch  angle  of 
the  balloon  and  is  the  pitch  angle  of  the  "i"th  link.  For  the  lateral  plots 
the  vectors  are  labeled  <Ji,  $,  Oi,  a2,  o3  and  identify  balloon  yaw  and  roll 
and  tethered  link  yaw  angles  (lateral  rotations)  where  Oj  is  the  link  rotation 
closest  to  the  ground. 

Figure  4  is  the  mode  shapes  for  the  nominal  tethered  balloon  in  the  longi¬ 
tudinal  plane.  The  first  mode  is  seen  to  respond  strongly  to  moderately  in  ali 
four  degrees-of-freedom  with  each  degree-of-freedom  reaching  a  maximum  at 
different  times.  This  motion  seems  to  be  a  whipping  phenomenon.  The  second  and 
third  modes  are  primarily  balloon  pitching  modes  with  secondary  response  in  the 
tether.  The  fourth  mode  shows  significant  response  in  all  four  degrees'Of-f ree- 
dom  but  is  strongest  in  the  balloon's  pitching.  Mode (5) is  entirely  a  balloon 
1  pitching  mode. 

|  Figure  5  is  presented  to  show  how  the  mode  shapes  change  at  a  lower  wind 

[  velocity  profile.  The  first  mode  shows  a  weaker  response  in  £2  and  £3  and 

f  stronger  response  in  5i.  The  second  to  fifth  modes  show  quite  a  different  res- 

j  ponse  than  that  shown  in  Figure  4.  The  second  mode  has  become  strongly  to 

j  moderately  responsive  to  all  degrees-of-freedom  while  the  third  mode  is  now 

|  responsive  to  only  the  balloon's  pitching  motion.  The  fourth  mode  is  strongly 

responsive  to  and  decreasingly  responsive  to  £2,^3,  and  0  .  In  mode (5) all 
degrees-of-fresdom  except  C2are  equally  responsive. 

Figure  6  shows  the  mode  shapes  for  the  system  when  the  BJ  Balloon  has  been 
retrieved  to  an  altitude  of  1000  feet.  First,  notice  that  there  are  only  four 
mode  shapes  associated  with  the  balloon's  motion  because  the  two  overdamped  modes 
(4  and  5  in  Figure  4)  have  become  one  oscillatory  mode.  Mode (1) is  primarily  a 
tether  mode  with  secondary  response  in  the  balloon.  Note  that  all  three  link 
angles  have  the  same  phase  angle.  Mode (2) is  a  balloon  pitching  mode  only,  while 
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mode{4)is  completely  a  tether  motion  mode.  The  third  mode  is  primarily  a 
response  to  £1  and  with  a  very  light  response  from  0  and  no  response 
from  £2  . 

Figure  7  is  the  mode  shapes  for  the  nominal  VEE  tethered  balloon.  All 
mode  shapes  are  very  similar  to  the  modes  shown  in  Figure  4  and  are  not  dis¬ 
cussed  further. 

Figure  8  is  the  mode  shapes  for  the  nominal  GAC  single  hull  balloon.  The 
first  mode  is  seen  to  have  a  strong  response  in  the  tether  degrees-of-freedom 
and  a  moderate  response  in  the  balloon's  pitching  degree-of -freedom.  The  second 
mode  is  primarily  a  balloon  pitching  motion  with  weak  response  from  the  tether. 
Mode{3)is  entirely  a  balloon  pitching  mode.  Modes  (4 ) and  (5 ) are  primarily  balloon 
pitching  modes  with  weak  to  moderate  response  from  the  tether  degrees-of-free¬ 
dom. 


3.  LATERAL  MODES  OF  MOTION 

The  first  lateral  mode  shapes  shown  in  Figure  $  are  for  the  nominal  BJ 
tethered  balloon.  The  first  mode  is  oscillatory  with  the  greatest  response  being 
in  balloon  yaw  (’4<)  and  moderate  response  in  balloon  roll  (<j>)  and  link  yaw  (a.). 

The  second  oscillatory  mode  is  primarily  a  balloon  roll  mode  with  secondary  1 
motion  in  balloon  yaw.  Modes  (3),  (4),  and  (5)  are  strong  overdamped  tetner  yaw 
modes  with  small  to  moderate  response  in  balloon  yaw  and  roll  degrees-of-freedom. 
Modes  (6)  and  (7)  are  balloon  roll  modes  with  weak  response  in  balloon  yaw  and 
tether  yaw.  The  last  mode,  (8),  is  a  coupled  balloon  yaw-roll  mode. 

Figure  10  presents  the  lateral  mode  shapes  for  the  nominal  BJ  tethered 
balloon  under  a  20%  wind  profile.  It  can  be  seen  that  the  character  of  the 
motions  has  changed  significantly  from  the  standard  operational  wind  conditions 
(Figure  9).  The  first  mode  is  primarily  a  balloon  yaw  mode  with  a  weak  response 
in  Oj.  The  second  mode  is  a  coupled  balloon-tether  mode  with  the  strongest 
response  in  balloon  yaw.  Mode  (3)  is  also  a  coupled  balloon- tether  mode  with 
stronger  tether  responses  than  in  mode  (2) .  Mode  (4)  is  a  balloon  roll  mode 
with  secondary  response  in  balloon  yaw.  Modes  (5)  and  (6)  are  overdamped  balloon 
yaw  modes  with  weak  response  in  balloon  roll. 

Figure  11  shows  the  lateral  mode  shapes  for  the  nominal  BJ  tethered  balloon 
when  it  has  been  retrieved  to  1000  ft.  Again  the  character  of  the  motions  has 
changed  substantially  from  the  design  altitude  (10,000  ft).  There  are  6  mode 
shapes  compared  to  8  for  the  design  altitude.  Mode  (1)  is  primarily  a  balloon 
yaw  mode  with  moderate  response  in  balloon  roll  and  in  the  tether  degrees-of-free¬ 
dom.  Mode  (2)  is  a  balloon  roll  mode  with  light  response  in  balloon  yaw.  In 
modes  (3)  and  (4),  the  tether  yaw  motion  are  predominant.  Note:  Modes  (3)  and 
(4)  are  oscillatory  but  the  imaginary  components  of  the  eigenvector  (mode  shapes) 
are  very  small  compared  to  the  real  parts.  Mode  (5)  is  an  overdamped  balloon 
mode  with  moderate  coupling  in  tether  yaw.  Mode  (6)  is  an  overdamped  balloon 
yaw  mode  with  lesser  response  in  balloon  roll. 

Figure  12  is  the  mode  shapes  for  the  nominal  VEE  tethered  balloon  in  the 
lateral  degrees-of-freedom.  The  first  mode  is  a  balloon  yaw  mode  with  light  to 
moderate  response  in  tether  yaw  and  balloon  roll.  Modes  (2)  and  (3)  are  primarily 
balloon  roll  modes  with  moderate  response  in  balloon  yaw  and  weak  response  in  the 
tether.  Mode  (5)  is  an  overdamped  mode  with  strong  to  weak  response  from  the 
tether,  moderate  response  in  balloon  yaw  and  no  response  in  balloon  roll.  In 
mode  (6),  balloon  roll  is  the  predominant  response  with  lesser  response  in  the 
tether  yaw  motion  and  balloon  yaw. 
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Figure  13  presents  the  mode  shapes  for  the  VEE  tethered  balloon  in  the 
lateral  degrees-of-f reedom  with  a  300%  increase  in  area  of  the  lower  tail  fins. 

Mode  (1)  is,  as  usual,  a  coupled  balloon  tether  motion  with  greatest  response 
in  balloon  yaw.  Mode  (2)  is  also  a  coupled  mode  with  good  response  in  all 
degrees-of-freedom.  Modes  (3)  and  (4)  are  balloon  roll  modes  with  lesser  res¬ 
ponses  in  balloon  yaw.  Mode  (5)  is  an  overdamped  techer  yaw  mode  coupled  with 
balloon  yaw.  Mode  (6)  is  an  overdamped  balloon  roll  mode  with  moderate  res¬ 
ponse  in  balloon  yaw  and  tether  yaw. 

The  last  mode  shape  plot  (Figure  14)  is  for  the  nominal  GAC  single  hull 
tethered  balloon  in  the  lateral  degrees  of  freedom.  Modes  (1 )  and  (2)  are 
coupled  balloon  tether  modes  with  balloon  yaw  being  predominant  in  mode  (1)  and 
least  responsive  in  mode  (2).  Mode  (3)  is  a  balloon  roll  mode  with  a  smaller 
response  in  balloon  yaw.  Mode  (4)  is  a  coupled  balloon  yaw  and  tether  yaw  mode 
with  the  greatest  response  in  o i .  In  mode  (3),  the  balloon  roll  is  very  pre¬ 
dominant  with  small  responses  in  the  other  degrees-of-freedom.  Mode  (6)  is  an 
overdamped  balloon-tether  mode  with  balloon  roll  having  the  strongest  response. 

Mode  (7)  is  a  coupled  balloon  yaw-roll  mode. 

The  mode  shapes  were  found  for  each  stability  configuration  3ut  only  the 
above  plots  are  presented  because  the  other  mode  shapes  are  simile,  to  the 
nominal  configurations  or  to  the  off-nominal  mode  shapes  presented,  when  dis¬ 
cussing  the  stability  plots,  it  will  be  useful  to  refer  back  to  the  mode  shapes 
so  that  each  stability  root  ran  be  identified  as  a  particular  motion.  But  it 
must  be  remembered  that  the  actual  motion  of  the  tethered  balloon  system  is  a 
linear  combination  of  all  possible  mode  shapes,  and  is  dependent  upon  initial 
conditions  and  forcing  functions. 

4.  GENERAL  STABILITY  CHARACTERISTICS 

As  in  the  mode  shape  plots,  a  circled  number  is  associated  with  each  set 
of  stability  roots  for  easy  identification.  The  stability  plots  are  actually 
plots  of  the  roots  to  the  characteristics  equation  in  the  complex  plane.  Only 
the  second  quadrant  of  the  complex  plane  is  shown  because  the  oscillatory  roots 
are  symmetric  about  the  negative  real  axis.  The  aperiodic  roots  are  real  and 
therefore  lie  on  the  real  axis.  Stable  roots  have  negative  real  parts  and  un¬ 
stable  roots  have  positive  real  parts.  Since  most  of  the  roots  are  stable,  only 
the  second  quadrant  is  shown  in  detail,  although  a  few  roots  are  also  shown  in 
the  first  quadrant, 

5.  LONGITUDINAL  STABILITY  CHARACTERISTICS 

The  first  stability  plot  (Figure  15)  shows  the  effect  of  changing  the  trim 
angle-of-attack  on  the  BJ  tethered  balloons  on  longitudinal  stability.  The  roots 
corresponding  to  the  first  mode  are  seen  to  be  very  slightly  unstable  and  unaffected 
by  trim  angle.  However,  because  of  the  low  frequency  associated  with  these  roots, 
the  time  to  double  the  amplitude  of  the  diverging  oscillation  is  in  the  order  of 
several  100  seconds.  This  mode  (shown  in  Figure  4)  has  already  been  identified  as 
a  whipping- type  motion  of  the  whole  system.  The  second  and  third  modes  which  have 
been  identified  as  being  primarily  balloon  pitching  modes  (Figure  4)  are  signifi¬ 
cantly  affected  by  the  trim  angle  because  the  aerodynamics  of  the  balloon  is  a 
function  of  the  trim  angle.  The  stability  trend  in  these  two  modes  shows  that  a 
higher  angle-of-attack  increases  the  damped  frequency  moderately  and  changes  the 
damping  ratio  slightly.  Modes  (4  and  5  )are  overdamped  modes.  Mode  (4  ) shows  a  res¬ 
ponse  in  all  degrees-of-freedom  (Figure  4)  and  is  unaffected  by  balloon  angle-of- 
attack  change  because  of  the  change  in  aerodynamics. 

Figure  16  presents  the  effect  of  waterline  location  of  the  bridle  apex  below 
the  balloon.  In  the  figure,  "L"  is  the  length  of  the  balloon  and  waterline  is  the 
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distance  below  the  balloon  centerline  to  the  confluence  of  the  suspension  lines. 
The  first  mode  (whipping)  is  unaffected.  The  second  mode  shows  a  moderate  in¬ 
crease  in  damped  frequency  and  a  slight  increase  in  damping  with  an  increase  in 
waterline.  This  is  because  mode(2)is  primarily  a  balloon  pitch  mode,  and  an  in¬ 
crease  in  waterline  increases  tha  moment  arm  which  increases  the  restoring  torques 
on  the  balloon.  The  third  mode  shows  only  a  slight  change  in  damping  with  in¬ 
crease  waterline.  The  fourth  mode  is  unaffected.  The  lifth  mode,  although  it 
remains  overdamped,  shows  a  strong  tendency  to  become  less  damped  as  the  water¬ 
line  increases. 

In  Tigure  17,  the  effect  of  decreasing  the  free-static  lift  over  a  small 
range  is  shown  to  be  minor  in  all  modes.  The  free-static  lift  can  be  decreased 
by  pumping  air  into  the  ballonets  and  valving  helium. 

Figure  18  gives  the  stability  roots  for  three  different  size  BJ  balloons. 
Each  balloon  was  designed  to  fly  at  a  specific  altitude  (5000,  10,000,  and 
20,000  feet).  In  the  first  mode,  both  the  balloons  at  the  highest  and  lowest 
altitudes  were  very  slightly  stable.  The  second  and  third  modes  show  moderate 
and  strong  increases  respectively  in  damped  frequency,  and  a  slight  change  and 
decrease  respectively  in  damping  ratio.  The  higher  frequency  at  lower  altitudes 
is  somewhat  attributed  to  a  smaller  inertia  associated  with  the  smaller  balloon. 
The  fourth  and  fifth  modes  show  moderate  changes  but  remain  overdamped. 

Figure  19  is  a  r diameter  study  of  trim  angle-of -attack  using  an  Amgal 
tether.  The  results  in  this  figure  should  be  compared  to  Figure  15.  However, 
because  the  Amgal  techer  is  heavier,  a  larger  balloon  is  needed  to  support  it 
(75,000  ft3  compared  to  60,000  ft3).  The  first  mode  is  unaffected  by  trim  angle 
but  becomes  slightly  stable  when  the  Amgal  tether  is  used  compared  to  the  Nolaro 
tether  in  Figure  15.  The  damping  ratio  £  is  of  the  order  of  0.1  for  Amgal  tether 
as  compared  to  -.04  (slightly  unstable)  for  the  nominal  BJ  balloon  with  Nolaro 
tether.  The  second  mode  increases  in  frequency  and  damping  with  an  increase  in 
trim  angle-of-attack,  whfe  the  third  mode  increases  in  frequency  and  decreases 
in  damping  at  higher  trim  angles-of-attack..  The  fourth  mode  shows  only  a  slight 
effect  to  trim  angle,  while  the  fifth  mode  is  moderately  affected  because  it  is 
a  balloon  pitching  mode. 

The  effect  of  tail  area  on  the  BJ  tethered  balloon  is  shown  in  Figure  20. 
Mode (1) shows  that  the  system  becomes  slightly  stable  as  the  balloon  tail  is 
increased.  This  is  to  be  expected  because  a  larger  tail  gives  more  balloon  aero¬ 
dynamic  damping.  The  damping  ratio  £  for  the  large, nominal,  and  small  tails  are 
.21,  -.04  and  -.30  respectively.  The  balloon  pitching  modes  (2  and  3)  both  dis¬ 
play  a  similar  trend  to  become  slightly  less  stable  with  a  smaller  tail.  How¬ 
ever,  the  larger  tail  sizes  show  increase  damping  in  modes(2  and  3.)  Again  both 
modes (4  and  5) remain  overdamped  with  only  mode (5) showing  a  moderate  change  in 
stability  roots.  Overall  a  larger  tail  size  does  increase  the  damping  in  the 
balloon  system  but  not  a  great  deal  with  the  tail  sizes  considered.  A.  further 
attempt  was  made  to  investigate  the  stability  of  a  balloon  with  64  percent  nominal 
tail  area.  This  attempt  was  futile  because  the  balloon  would  not  trim  at  a 
positive  angle-of-attack. 

The  single  most  complicated  parametric  study  was  the  effect  of  wind  velocity 
(Figure  21).  The  wind  velocity  profile  was  decreased  from  its  nominal  to  0.1 
percent  of  nominal.  In  order  to  maintain  a  10,000-foot  altitude,  the  tetner 
line  was  adjusted.  This  does  effectively  change  the  balloon  system.  A  more 
important  consideration  is  that  the  trim  ang; e-of-attack  steadily  decreased  as 
the  wind  velocity  decreased,  causing  the  balloon  aetodynamics  to  change.  These 
two  changes  were  also  seen  to  effect  the  mode  shapes  as  already  discussed  for 
Figure  5,  The  first  mode  is  seen  to  change  from  a  sliontly  unstable  condition, 
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to  slightly  stable,  to  very  stable,  and  back  to  slightly  stable  as  the  wind 
velocity  profile  decreases.  The  second  mode,  which  is  a  moderate  to  strong 
response  to  all  degrees-of- freedom,  shows  a  tendency  to  become  less  stable  at 
the  lower  wind  velocities.  Mode (3)  which  is  a  strong  balloon  pitching  mode, 
also  is  seen  to  be  iess  stable  at  the  lower  wind  velocities.  This  is  to  be 
expected  because  a  lower  free  stream  velocity  means  lower  damping  forces. 

Modes (4 ) and {5 ) show  trends  to  decrease  in  damping  as  the  wind  velocity  de¬ 
creases.  In  fact,  modes (4 ) and (5 ) combine  to  give  one  oscillatory  mode  at  a  60 
percent  wind,  but  then  return  to  two  aperiodic  modes  for  the  lower  wind 
velocities  finally  ending  up  as  one  oscillatory  mode  for  0.1  percent  wind. 

In  general,  I’igure  21  shows  that  it  is  desirable  to  have  a  strong  steady  wind 
to  maintain  longitudinal  stability,  a  result  not  unexpected. 

Figure  22  presents  the  effect  of  balloon  launch  and  retrieval  on 
stability.  As  with  the  wind  veiocicy  study,  the  wind  velocity  is  decreased 
because  of  the  lower  altitudes  and  this  results  in  an  angle-of-attack  change. 
Also,  the  tether  is  decreased  in  length  giving  the  system  a  greater  effective 
buoyancy.  The  effect  on  mode  1  is  to  increase  its  damping  at  the  lower 
altitudes.  The  damping  ratio  for  the  first  mode  increased  to  c,  =  0.55  at 
4000-foot  altitude  and  then  decreases  to  q  =  0.27  at  1000-foot  altitude.  The 
second  mode  which  becomes  a  very  strong  balloon  pitching  mode  (Figure  6)  at 
the  lower  altitudes  demonstrates  an  increase  in  damped  frequency  and  a 
moderately  strong  decrease  in  damping  ratio.  The  third  mode  shows  an  even 
stronger  change.  Both  the  damped  frequency  increases  and  the  damping  ratio 
decreases  very  strongly.  Modes (4 ) and (5 ) react  similar  to  a  one  degree-of-f ree- 
dom  system.  Two  aperiodic  modes  join  to  become  ore  oscillatory  mode  at  lower 
altitudes  and  then  becomes  less  stable  at  the  lowest  altitude.  The  same  trend 
would  be  seen  in  a  one-degree-of-freedom  system  if  the  damping  was  steadily 
decreased. 

The  next  parameter  investigated  was  paylo; d  location.  In  Figure  23  the 
payload  location  was  changed  and  the  balloon  was  allowed  to  retrim  itself.  In 
Figure  24  the  payjoad  location  was  chanced, and  then  the  bridle  apex  was  moved 
forward  in  order  to  achieve  a  nominal  8.5°  trim  attitude.  By  comparing  the 
two  figures  it  can  be  seen  that  the  large  changes  in  stability  roots  in  modes 
2  and  3  are  due  almost  entirely  to  angle-of-attack  change.  In  fact,  moving 
the  paylaad  aft  of  the  apex  (5.9  feet)  causes  the  balloon  to  trim  at  10.7°. 

The  payload  location  on  the  belly  of  the  hull  is  5.9  feet  aft  of  the  apex  but 
it  is  also  closer  to  the  dynamic  mass  center  of  the  balloon.  Comparing  Figure;. 

23  and  24,  the  effect  of  modes (2 ) and (3) is  again  primarily  an  angle-of-attack 
change.  The  true  effect  of  payload  location  can  be  seen  to  be  minor  in  Figure 

24  except  for  mode(5)which  is  an  overdamped  mode.  Note  that  the  first  mode 
does  become  slightly  stable  when  the  payload  is  on  the  belly.  The  damping 
ratio  5  is  .35  for  the  payload  on  the  belly  and  -.04  for  the  payload  at  the 
bridle  apex  point. 

The  last  parametric  study  on  the  BJ  balloon  system  was  the  effect  of 
winch  location  (Figure  25).  In  this  case  the  balloon  is  still  flown  at  10,000 
feet  M.S.L.,but  the  winch  is  at  5,000  feet  M.S.L.  Mode  one  has  gone  from  very 
slightly  unstable  to  very  slightly  stable.  Modes  (2) and (3) show  a  large  increase 
in  frequency  due  to  a  shortening  of  the  tether  somewhat  similar  to  Figure  22. 
Frequency  is  substantially  increased  because  net  static  lift  has  substantially 
increased  with  less  tether  supported  by  the  balloon. 

Figure  26  investigates  the  effect  of  trim  angle  on  the  Vee  balloon. 
Comparing  this  figure  to  Figure  15,  the  effect  is  seen  to  be  much  greater. 

In  fact  a  low  angle-of-attack  is  seen  to  be  undesirable  in  the  first  mode. 

Not  only  does  the  motion  become  more  unstable,  but  the  time  to  double 
amplitude  decreases.  The  positive  real  root,  with  value  0.18,  has  a  time  to 
double  amplitude  of  only  3.9  seconds.  The  second  mode,  which  is  a  balloon 
pitching  mode,  becomes  moderately  more  stable  at  the  higher  trim  angles  and 
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also  shows  a  strong  increase  in  damped  frequency.  Mode (3  demonstrates 
moderate  changes  in  frequency  and  a  slight  change  in  damping  having  its  best 
damping  at  the  intermediate  trim  angle. 

The  effect  of  waterline  of  bridle  apex  on  the  longitudinal  stability  of 
the  Vee  Balloon  (Figure  27)  is  seen  to  be  small  in  all  modes  as  it  was  with 
the  BJ  Balloon  (Figure  16). 

The  effect  of  free  static  lift  (Figure  28)  is  minor  for  the  Vee  Balloon 
as  it  is  for  the  BJ  (Figure  17)  over  the  range  of  variations  investigated. 

Figure  29  cannot  be  compared  to  any  of  the  BJ  stability  plots.  This 
figure  shows  the  effect  of  increasing  the  area  of  two  fins  located  on  the 
lower  aft  end  of  each  hull.  Physically,  this  change  does  not  affect  the  aero¬ 
dynamics  in  the  longitudinal  plane  but  only  increases  the  weight  of  the  tail. 
This  is  seer,  to  have  little  effect  on  longitudinal  stability. 

Figure  30  is  similar  to  Figure  29  except  that  the  tail  size  is  not  only 
increased  on  the  bottom  of  each  hull,  but  an  identical  fin  is  placed  on  the 
top  of  each  hull  so  that  the  tail  assembly  is  symmetric.  Again  the  effect  on 
the  stability  plots  is  due  only  to  an  increase  in  weight. 

The  third  balloon  investigated  was  a  GAC  single  hull  balloon.  Figure  31 
presents  the  effects  of  trim  angle-of-attack.  The  most  favorable  change  for 
the  single  hull  balloon  is  that  the  first  mode  has  become  stable  and  is 
moderately  damped.  The  second  and  third  modes  which  are  balloon  modes 
(Figure  8)  show  trends  similar  to  the  BJ  Balloon  (Figure  15)  but  do  have 
significantly  higher  frequencies.  The  four  and  fifth  modes  show  little  effect. 

The  effect  of  waterline  of  the  bridle  apex  on  the  GAC  balloon  is  shown 
in  Figure  32.  Again  mode  (1) is  stable  and  shows  a  tendency  to  become  more 
stable  at  lesser  waterline  locations.  Mode(2) shows  no  significant  trend, 
while  mode(3)shows  a  slight  decrease  in  damping  and  an  increase  in  damped 
frequency  with  greater  waterline  locations.  Modes ( 4) and( 5) are  slightly 
effected. 

As  with  the  BJ  and  Vee  Balloons,  free  static  lift  has  no  effect  on  the 
stability  of  the  balloon  system  (Figure  33) . 

6.  LATERAL  STABILITY  CHARACTERISTICS 

Now  consider  the  lateral  stability  roots.  In  general  there  is  a  lateral 
stability  plot  for  each  parameter  studied  in  the  longitudinal  plane.  It  is  of 
interest  to  compare  the  corresponding  lateral  and  longitudinal  plots  to  see 
which  parameters  affect  the  lateral  modes,  which  affect  the  longitudinal  modes, 
and  which  affect  neither  mode  or  both  modes.  Note  that  there  is  one  more 
degree-of-freedom  associated  with  the  lateral  motions,  than  associated  with  the 
iongitudinal  motions. 

Before  proceeding  to  the  parametric  study,  it  is  of  interest  to  observe 
the  effect  of  cable  drag  coefficient  on  the  stability  roots.  This  is  seen  in 
Figure  34.  All  three  modes  shown  are  neutrally  stable  if  the  cable  drag 
coefficient  is  zero  (cable  drag  =  9).  As  the  drag  coefficient  increases,  all 
three  modes  become  more  stable  and  modes  (2)  and  (3)  are  overdamped  at  the 
nominal  cable  drag  coefficient  of  1.1.  However,  inode  (1),  which  is  overdamped 
when  the  drag  coefficient  is  about  .3,  becomes  less  damped  at  higher  drag 
coefficients  but  remains  moderately  stable. 
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The  first  lateral  stability  plot  is  for  the  effect  of  balloon  trim  angle 
on  a  BJ  tethered  balloon  (Figure  35),  Figure  9  shows  the  mode  shapes  corres¬ 
ponding  to  this  tethered  balloon.  All  modes  demonstrate  little  or  no  effect 
due  to  trim  angle  change.  Figure  36  is  the  stability  effect  due  to  changes 
m  the  waterline  of  the  bridle  apex.  Mode  (2)  shows  a  slight  increase  j n 
damping  at  lesser  waterline  locations,  a  trend  which  is  opposite  in  the 
longitudinal,  plane  (Figure  16).  Note  that  mode  (2)  is  predominantly  a  balloon 
roll  mode  ( rigure  9).  Mode  (8)  is  also  slightly  affected  by  waterline 
location . 

The  effect  of  free  static  lift  on  the  lateral  modes  is  shown  in  Figure  37, 
as  in  the  longitudinal  plane  (Figure  17)  the  effect  is  small. 

The  next  plot  (Figure  38)  presents  the  lateral  stabilities  of  a  BJ 
balloon  designed  for  different  altitudes.  In  general  the  oscillatory  modes 
show  greater  damped  frequency  and  less  damping  at  the  lower  altitudes.  The 
increase  in  frequency  can  be  explained  by  the  fact  that  smaller  balloon 
systems  are  designed  for  lower  altitudes  meaning  smaller  inertia  character¬ 
istics  and  therefore  higher  rrequencies.  A  decrease  in  damping  ratio  also 
results  with  smaller  balloon  systems  because  effective  moment  arms  are 
smaller  giving  less  resistance  to  motions.  Note  that  modes  (3)  and  (4)  com¬ 
bine  to  give  one  oscillatory  mode  at  5000  feet. 

Figure  39  is  the  effect  of  balloon  trim  angle  when  using  an  Amgal  tether. 
The  effect  is  negligible  as  in  Figure  35  where  a  Nolaro  tether  was  used.  The 
first  mode  has  greater  c.omping  with  Amgal  tethered  than  with  Nolaro  tether  as 
observed  by  comparing  Figures  39  and  35. 

The  effect  of  tail  size  of  the  BJ  balloon  on  lateral  stability  is  demon¬ 
strated  in  Figure  40.  Significant  changes  in  frequency  and  damping  are  noted 
in  mode  (2)  which  is  a  roll  mode.  It  would  be  expected  that  a  smaller  tail 
would  give  less  damping.  Mode  (1)  also  shows  a  moderate  increase  in  dampinq 
with  the  larger  tail  size.  Stability  roots  (3)  to  (8)  are  all  affected  by 
tail  size  but  they  do  keep  their  overdamped  characteristic. 

Wind  velocity  effects  are  shown  in  Figure  41  for  the  lateral  motions  of 
the  BJ  balloon.  As  with  the  longitudinal  stability  roots  (Figure  21),  some 
of  the  trends  are  difficult  to  follow.  In  general  all  the  roots  tend  to  be¬ 
come  less  stable  as  the  operational  wind  velocity  is  decreased  until  each  mode 
is  only  very  slightly  damped  ec.  the  .1%  wind  condition.  Therefore,  it  is 
desirable  to  have  a  strong  operational  wind  to  maintain  stability. 

Figure  42  presents  the  effects  of  retrieving  a  BJ  balloon.  The  first 
mode,  which  is  responsive  in  all  degrees-of-freedom,  shows  a  very  important 
result.  At  1000  ft  al.  itude,  this  mode  becomes  unstable  and  has  a  time  to 
double  amplitude  of  86  seconds.  Also  of  interest  is  that  two  pairs  of 
aperiodic  modes  become  oscillatory  at  lower  altitudes  and  decrease  in  damping 
as  the  altitude  decreases.  These  two  oscillatory  modes  are  similar  to  modes 
(3)  and  (4)  in  the  longitudinal  plane  (Figure  22). 

Figures  43  and  44  show  the  effect  of  payloaa  location  on  lateral  stability. 
The  effect  on  longitudinal  stability  is  shown  in  Figures  23  and  24.  The  only 
difference  in  Figures  43  and  44  is  the  trim  angle-of-attack  as  noted  on  the 
plots.  Modes  (2)  and  (6)  are  strongly  affected  when  the  payload  is  removed 
from  the  bridle  apex  and  assumed  to  be  rigidly  attached  to  the  balloon, 
changing  the  balloons  inertia  characteristics.  Note  that  modes  (2)  and  (6) 
are  both  strong  balloon  roll  modes  (Figure  9).  In  Figure  44,  the  aperiodic  modes 
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(6)  and  (8)  combine  to  give  one  heavily  damped  oscillatory  mode  when  the  pay- 
load  is  on  the  belly. 

Finally,  the  effect  of  winch  altitude  was  considered  in  the  lateral 
degrees-of-freedom  for  the  BJ  balloon.  Modes  (3)  and  (5)  v/hich  are  overdanped 
tether  modes  for  the  nominal  design  condition  become  an  oscillatory  mode  when 
the  winch  altitude  is  increased  to  5000  ft.  Mode  (1)  also  shows  a  moderate 
decrease  in  frequency. 

The  lateral  stability  plots  for  the  tethered  Vee  Balloon  are  presented 
next.  Perhaps  the  most  significant  comparison  between  the  VEE  balloon 
Figure  46)  and  the  BJ  balloon  (Figure  35)  is  that  there  are  four  oscillatory 
roots  associated  with  the  Vee  Balloon  and  only  two  associated  with  the  BJ 
balloon.  However,  these  extra  oscillatory  roots  are  well  damped.  Figure  46 
shows  that  trim  angle-of-attack  has  little  effect  on  lateral  stability. 

Figure  47  gives  the  effect  of  waterline  of  the  bridle  apex  on  the  VEE 
balloon  in  the  lateral  degrees-of-freedom.  The  effect  is  small. 

Figure  48  presents  the  effect  of  free  static  lift  on  the  lateral 
stability  of  the  tethered  balloon.  The  most  significant  change  is  in  the 
second  mode  which  becomes  more  stable  at  lower  free  static  lift  values.  From 
Figure  12,  it  is  seen  that  mode (2) is  a  strong  roll  mode.  The  increase  in 
damping  can  be  attributed  to  the  fact  thac  the  damping  ratio  is  inversely  pro¬ 
portional  to  the  square  root  of  the  stiffness  in  the  system  and  decreasing 
free  static  lift  decreases  stiffness  thereby  increasing  damping.  This  effect 
is  also  noticeable  to  a  lesser  extent  in  mode  (4)  which  is  a  strong  roll  mode 
(Figure  12) . 

A  very  significant  change  is  seen  in  Figure  49  when  the  lower  fins  are 
increased  in  area.  Mode(l)  which  is  a  coupled  balloon-tether  mode  decreases 
in  frequency  when  the  tail  area  is  increased.  Mode (2) increases  in  frequency 
and  decreases  in  damping  with  an  increase  in  tail  area.  Mode (4) , which  is  a 
strong  roll  mode,  increases  in  frequency  and  damping  as  the  tail  area  increases. 
Mode (3)  which  is  also  a  strong  roll  mode,  shows  a  slight  decrease  in  damping 
with  larger  tail  areas.  The  overdamped  modes (5) and (6) are  unaffected. 

Figure  50  shows  the  effect  of  increasing  lower  and  upper  tail  area. 

All  trends  are  the  same  as  in  Figure  49. 

Figure  51  presents  the  effect  of  trim  angle-of-attack  on  the  lateral 
stability  of  a  GAC  single  hull  balloon.  In  comparison  to  the  BJ  balloon 
(Figure  35) ,  there  is  seen  to  be  one  more  oscillatory  mode  with  the  GAC 
balloon.  The  effect  of  trim  angle  is  negligible  with  the  GAC  balloon  as  it 
was  with  the  BJ  and  Vee  Balloons. 

Figure  52  demonstrates  that  bridle  apex  waterline  has  little  effect  on 
the  lateral  stability  of  the  GAC  balloon  except  in  mode  (3)  which  is  a  strong 
roll  mode  (Figure  14) . 

In  Figure  53,  the  free  static  lift  is  decreased  in  the  GAC  single  hull 
balloon.  The  resulting  stability  trend  is  similar  to  the  Vee-Balloon  (Figure 
48).  The  second  mode  shows  a  strong  increase  in  damping  as  free  static  lift 
decreases,  as  mode  (2)  in  Figure  48  did. 
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Longitudinal  BJ-Effect  of  Trim  Angle  with 
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Longitudinal  BJ-Effect  of  Tail  Size 
Run  Nos.  1,13,14 
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Longitudinal  BJ-Eifect  oi  Wind  Velocity 
Run  Nos.  1,15,16,17,18,19 
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LONGITUDINAL  BJ 
EFFECT  OF  WIND  VELOCITY 
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Longitudinal  Vee-Effect  of  Trim  Angle 
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Longitudinal  Vee-Effect  of  Waterline  of 
Bridle  Apex,  Run  Nos.  28,31,32 
O  W.  L.  =  C.35L  (NOMINAL) 

□  W.L.  =  0.3L 

O  W.L.  =  0.4L 


C 4*JhI 1 


i - r 

-t.t 


<5> 

.J — o - 


'U  -1-0 


FIGURE  27 


Longitudinal  Vee-Effect  of  Free  static 
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Longitudinal  Vee-Effect  of  Lower 
Run  Nos.  28,  25,  36 
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Longitudinal  GAC  1649-Effect  of  Trim 
Angle,  Run  Nos.  40,41,42 
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Longitudinal  GAC  1649-Effect  of  Waterline 
of  Bridle  Apex,  Run  Nos.  40,43,44 
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Longitudinal  GAC  1649-Effect  of  free 

Static  Lift,  Run  Nos.  4.0,45,46 
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LATERAL  BJ 

EFFECT  OF  CABLE  DRAG  COEFFICIENT 
DRAG  COEFFICIENT  NOTED  AS  PARAMETER 
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Lateral  Bd-Effect  of  Waterline  of  Bridle 
Apex,  Run  Nos.  1,4,5 
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Lateral  BJ~Ef£ect  of  Free  Static  Lift, 
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LATERAL  BJ 
EFFECT  OF  ALTITUDE 
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Lateral  BJ-Effect  of  Trim  Angle  with 

Amgal  Tether,  Run  Nos.  10,11,12 


0  «f  =  8.5“  (NOMINAL) 

□  <*T  «*  6.5“ 

O  aT  -  10.5* 


.08 

I  id.  f-  ■ 


© 

o 


.05 


-■OH 
(xj„  f 


0 


0 


0 

o 


0 

— i - 1 - ®-l - 1— 

-J.2  -Z.r  -Z.0 


1 


-/.£ 


_ L_ 

-I. I 


% 


©  ® 

- 1—0. 

-■8  *.V 


-O 

yj 


FIGURE  39 


Lateral  BJ-Effect  of  Tail  Size, 
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Lateral  BJ-Effeet  of  Wind  Velocity, 
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Lateral  GAC  1649-Effect  of  Waterline  of 
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APPENDIX  A 

DERIVATION  OF  THREE  DIMENSIONAL  EQUATIONS  OF  MOTION 
OF  A  TETHERED  BALLOON,  AND  LONGITUDINAL  AND 
LATERAL  CHARACTERISTIC  EQUATIONS 
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SECTION  I 


INTRODUCTION 

This  Appendix  presents  the  details  of  the  derivation  of 
the  differential  equations  of  motion  of  a  tethered  balloon. 

The  derivation  is  done  in  three  dimensional  space  with  the 
assumption  that  all  angular  velocities  are  small.  It  is  then 
assumed  for  stability  analysis  that  the  system  is  near  equi¬ 
librium,  so  that  the  motion  can  be  described  as  two  independent 
sets  of  equations  (longitudinal  and  lateral).  From  this 
assumption,  two  sets  of  linear  equations  can  be  generated  and 
two  characteristic  equations  are  formed.  By  solving  for  the 
roots  of  these  characteristic  equations,  stability  information 
can  be  generated. 
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SECTION  II 


EQUATIONS  OF  MOTION 


1.  General 

The  system  is  defined  as  a  balloon  tethered  (by  means  of  a 
bridle)  at  the  end  of  a  cable  which  is  fixed  to  a  stationary 
winch  at  the  other  end.  The  position  of  the  winch  on  a  flat 
non-rotating  earth  is  considered  to  be  the  origin  of  an  inertial 
three-dimensional  coordinate  system  (Figure  54)  <■  Also  included 
in  the  system  is  a  payload  situated  at  the  bridle  tether 
connection.  The  balloon  and  bridle  are  assumed  to  be  one  rigid 
body. 


Z 


Using  Lagrangian  techniques,  the  system  can  be  simulated  by 
five  differential  equations  of  motion.  The  first  three 
equations  are  the  yawing,  pitching  and  rolling  motion  of  the 
balloon;  the  last  two  equations  are  the  pitching  and  yawing 
motion  of  the  tether.  The  rotational  motion  of  the  tether 
about  its  own  centerline  is  neglected. 


Lagrange’s  differential  equation  for  the  system  are: 


where  T  is  the  total  kinetic  energy  of  the  system 


(1) 


(2) 


(3) 


(4) 


(5) 


V  t  0  r  $  I  t  (r  =  1,  2,  3,  •  N)  are 

generalized  coordinates. 

/*V  '  ^0  '  ^  '  f~§  /  /£.  (r  =  1,  2,  3,'"  N) 

are  generalized  forces 
2,  Cable  Representation 

The  tether  is  represented  by  "N"  straight  links,  each 
of  the  same  length.  The  links  are  considered  rigid  and 
connected  to  each  other  by  frictionless  hinges.  Therefore, 
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all  forces  but  no  moments  may  be  transferred  through  the 
hinges.  The  angle  that  each  link  makes  with  the  horizontal 
in  the  longitudinal  plane  (measured  positive  for  clockwise 
rotations)  is  (i  =  1,  2 ,  •  •  •  N),  A  second  rotation 

(i  =  1,  2/»«*N)  is  given  to  each  link,  so  that  the  system 
may  move  in  the  lateral  direction.  These  angles  are 
measured  relative  to  planes  parallel  to  the  longitudinal 
plane.  If  an  observer  (located  at  the  winch)  looks  down 
range  in  the  direction  of  the  balloon,  he  will  observe  a 
positive  angle  (  )  if  the  link  rotates  to  his  left. 

Figure  55 shows  a  schematic  of  the  tether.  CT{  is  positive  if 
the  first  link  rotates  up  out  of  the  plane  of  the  paper 
(longitudinal  plane);  is  positive  if  the  second  link 

rotates  up  out  of  a  plane  parallel  to  the  longitudinal  plane. 
This  second  plane  is  defined  by  a  plane  parallel  to  the 
longitudinal  plane  and  through  the  end  point  (  )  of  the 

first  link. 
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It  .is  assumed  that  the  links  of  the  tether  are  of  constant 
diameter/  and  the  c.gt  of  each  link  is  located  at  the  geometric 
center.  To  find  the  position  of  the  link  relative  to  the 
inertia  coordinate  system,  two  rotations  are  made  as  shown 
in  Figure  56.  The  first  rotation  is  a  pitch  about  the  OX 
inertia  axis  such  that  the  negative  OY  axis  rotates  into  the 
positive  Oe^  axis  and  the  positive  OZ  axis  rotates  into  the 
positive  ce^ ’  axis.  The  second  rotation  is  a  yaw  about  the 
Oe  •  1  axis  such  that  Oe^  rotates  into  Of^  and  OX  rotates  into 


The  body  axis  rates  are  given  in  terms  of  the  angular  rates 
f.  and  .  The  components  of  in  the  body  axes 

coordinates  (f^,  e^')  are: 
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The  components  of  <r^  are : 


Jn)  u~°  1  >  %  )*;  1 


Note:  Throughout  this  derivation,  the  letters  "s"  and  "c" 

will  be  used  for  sine  and  cosine,  e.g.  s  <r^  =  sin(T^  ) 

c  =  cos  cr^. 

Adding  the  components  of  the  angular  velocities  gives: 


%  '-tsn 


CO - 

•A 


fi  cc 


U>r.  =  n 


The  angular  velocity  of  the  "i"  th  link  is: 


co.  -  uoh  l ■  t  cOfj  {/  t  lOj.’  -e; 
«d-  -  (-  i  SO-)  i-  « (-  i  C  or  )  £  +  ( 


Let  P^*  denote  the  mass  center  of  the  "i"  th  link  as  shown 


in  Figure  57.  It  is  assumed  to  be  a  distance-*/?  from  the 
hinge  point  P^_^.  Since  is  fixed  to  the  ground,  the 
velocity  of  P,*  is  X 


\  Ni 


Figure  57.  Typical  Link 
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p+  — v  J7 

V  '  u?t  A  f 


V*  -  L("£  $cr;)t  +(-$,  cal)  l'  +  L^)^{\  *1  J  h  1 

v*''4Ur,«:)X'  ^)f;l 


Also 


V?‘  J  L  ( £  cft)  ■<  r  ( 07)  1/  ] 

In  like  manner  the  velocity  of  P2*  is: 

Vfi  Jidca:)'*;  ffc)T;l  "  I  l(/,  ar,)e;  dh)\‘,  i 

In  general,  the  velocity  of  the  "n"  th  link  (geometric 
center  of  the  "n"  link)  is  given  by 

V  P~--A1  il-c-ZK  *  K  f; )  "Hi  OTr  <,  f  k  t )  1 


Also 


Vf"  -Jl  (let;  '#:  +K  f;)  •  <»> 

4 

/i  i  I 

The  kinetic  energy  of  a  body  is  given  by  ‘ 

♦  h  “'Z  *  rE  ^ 

-2  4r  ^  <4  -  2  hi  <4^  '  2  ha  “4l  <20! 

For  the  tether  I  =  I^2  =  I  =0.  vQ  is  the  linear 
inertial  space  velocity  of  the  c.g.  of  the  link.  I  is  the 
moment  of  inertia  of  a  link  about  its  center  line.  Since  I 

A 

is  small  compared  to  1^  and  I2  (moments  of  inertia  of  link  about 
an  axis  normal  to  its  length  at  the  c.g.),  it  is  ignored. 
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4.  Balloon  -  Bridle  Representation 

The  shape  of  the  balloon  and  bridle  assembly  is 
completely  arbitrary,  except  that  they  are  considered  as 
one  rigid  body.  Furthermore,  it  is  assumed  that  all  of 
the  bridle  lines  are  in  tension.  This  restricts  the  angular 
displacements  of  the  balloon  to  less  than  large  angles, 
where  the  maximum  angle  depends  on  the  balloon-bridle  con¬ 
figuration.  The  balloon  is  assumed  to  have  "directional 
masses"  Mg,  Mv,  Mg  in  the  direction  of  the  longitudinal, 
vertical  and  lateral  axes  respectively.  The  "directional 
masses"  are  assumed  to  be  concentrated  at  the  apparent 
mass  center  of  the  balloon  (Q) .  In  general,  the  apparent 
mass  center  (c.m.)  is  different  from  the  center  of  gravity 
(c.g.).  Included  in  the  "directional  masses"  are  the' 
weight  of  the  balloon-bridle,  the  lifting  gas,  and  the  added 
air  mass  being  accelerated  by  the  balloon's  motion. 

In  order  to  determine  the  balloon's  attitude  with 
respect  to  a  fixed  set  of  coordinates  (X,  Y,  Z) ,  three 
angular  displacements  are  made  as  shown  in  Figure  58. 

The  three  successive  angular  rotations  are  yaw  (<^  about  the 
inertia  QZ.  axis),  pitch  {Q  about  the  line  of  nodes  QN)  and 
roll  (<p  about,  the  longitudinal  body  axis  QXg)>.  In  Figure  58 
the  angles  ^determine  the  orientation  of  the  right- 

handed  body  triad  Xg,  Yg,  Zg  with  respect  to  the.  right- 
handed  inertial  triad  X,  Y,  Z. 

First  yaw  (‘fO  about  axis  QZ  such  that  QX  and  QY  rotate 
into  QN  and  Qa  respectively.  The  second  rotation  is  a  pitch 
(0);  about  the  line  of  nodes,  QN,  such  that  Qa  rotates  into 
QYn  and  QZ-  rotates  into  Qb.  The  final  rotation  is  a  roll 

■D  __ 

(tf>)  such  that  Qb  rotates  into  QZg  and  QN  rotates  into  QXgU 
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f 


Yd 


The  body  axes  rates  (^-Xg/  Wy#'  ^ZB"  -re  given  in. 
terirs  of  the  Euler  angle  rates  ( iy  ,  e  r  4  )'•  The  components 
of  y  in  the  Xg  Yfi  Z^.  -coordinate  system  are: 


Vt)*> s* -v S)> 

The  components  of  Q  are: 

^o)x%  ~  ®  >  ^)y.o  '  & 

The  components  of  £  are:. 


;  Wk) 7B  ~  &  ^ 


-o 


)  ^}y t=  $  >  & 


(26) 


(27) 


(28) 
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Adding  the  components  of  the  angular  velocities  gives: 


Ufa  -  y  scf>  ce  4  &  c4 


U)  S&  +  <p 


coit  =  *  <?cec4  +&$<}> 


(29) 

(30) 


(31) 


The  angular  velocity  of  the  balloon  about  its  dynamic  mass 
center  is: 


z  *  a  +  Wyb  fa  f  ^  K 


(32s) 


CO  =(<?  S4  C&  +  fa4f$0*i)ja  *lU<fc0C$  *&S<i>)j!g  (33) 

where  ifi,  j^/  and  *3  are  unit  vector£  along  the  lateral 
(Xfi)  ,  longitudinal,  (?B) ,  and  vertical  (ZB)  body  axes 
of  the  balloon. 

The  location  of  the  bridle  apex  point  is  defined  with 
respect  to  the  dynamic  mass  center  as: 


(34V) 


Equation  (34) assumes  that  the  bridle  apex  point  is  in 
the  >ZB  plane.  The  velocity  of  the  apex  of  the  bridle 
with  respect  to  the  balloon's  dynamic  mass  center  is: 

— X  _ 

\L  -  io  x  f 


(35) 


The  velocity  of  the  balloon 's  dynamic  mass  center  with 
respect  to  the  apex  of  the  bridle  is: 


V  9  b  "  to  X  ? 


(36) 
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The  total  translational  velocity  of  the  dynamic  mass 
center  of  the  balloon  with  respect  to  the  winch  is  given 
by  the  sum  of  Equations  (24)  and  (36)  with  contributions 
from  Equations  (33)  and  (34). 

V**  1%  (£•  £<£■-*'  l')  *•  L  ^  r 

+ f  (-pse*#)  je,  +  l-vc# c4>  +&s<f>)Ms  1  1 J  Lt 

V*'  £  %ii:  47  *07 1: )  f  t  ^  l‘V 

+I'fy*,(ys4  c<°+0c4)\Jc8 

The  general  expression  for  the  kinetic  energy  of  a  body  is 
given  by  Equation  (20) .  :Eor  the  balloon  it  is  assumed 


that  2. 

.  xy 

bridle  is ; 


0,  The  kinetic  energy  of  the  balloon- 


'% ±%Kl7aA  f 

ha: Oja  *Iy g.Wtg  +  ’  ^^'V>8  W»1 


In  Equation  (39)  VQ  is  given  by  ^Equation  (38)  and  U/  , 

—  YB '  ^ZB.  are  given  in  Equation  (33).  IXB,.  Iyfi, 

$ zQt  and  ly^B  are  apparent  Jhdfnents'  and  product  of  inertia 
of  the  balloon  referenced  to  its  body  axes  Xg  Yfi  iz  . 
Substituting  into  Equation  (3S)  the  Euler  angle  rates 
equivalent  to  XB<~  gives  : 


+5^  U.?/'lx,sVfI„c'V)  rs‘eIia-S&c}lPa']t4>t[lrt] 

+e  1 1„  c%  + 1„  sV3  +  &[s24  ceChe-\it)t  2S^ s0l,„  ] 

3  lyg  5£>  f  2  2y#»  C&c4>~\  *'&(£[-JiIyig  £djb]  j  ( 

5.  Inertia  Terms 

The  total  kinetic  energy  of  the  system  is  given  by  the 
sum  of  the  Equations  (23),  (25)  and  (40). 

*  j  +  —  +  ££  "  j'J  f  i  Iv*3-)* 

♦W^^r.)• 

*H  vtcWl„sV*JMcVh?VIr#-satfc>./xw^  *a[ry,j 

+S  ^ 1/8  S’*}  f  *e[sa*  ceil,,-!;,}  >3  Stj>  S£>  Iyfj  } 

*iUrc,c*l+£4[-*i,nS.4ift  <4; 


The  differential  equations  of  motion  are  found  by  operating 
on  quation  (41)  with  Equations  (1)  to  (5),,  But  before 
continuing  the  derivation,  an  important  observation  can  be 
made  at  this  point.  Due  to  the  site  of  the  system,  its 
response  to  a  disturbance  will  be  slow.  Consequently,  it 
will  .be  assumed  that  all  angular  velocities  are  small  and 
products  of  angular  velocities  will  be  negligible.  The 
immediate  effect  of  this  assumption  is  that  the  second- 
term  in  Lagrange's  equation  is  sero,  it  should  also  be 
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rioted  that  many  terms  will  be  ignored  when  operating  on  the 
kinetic  energy  with  the  first  term  of  Lagrange's  equation. 


It  will  be  necessary  to  establish  relations  between  the 
unit  vectori  e! ,  e.  \  and  f.',  and  the  unit  vectors  iD. 

^  111  i  » 

jjj/  and  kg.  This  can  be  done  by  referencing  both,  sets  of  unit 
vectors  to  the  inertia  reference  X,  Y,  Z  which  has  unit 
vectors  N1 >  *^3  respectively.  Referring  to  Figure  56,  the 
link  vectori  can  be  expressed.  The  first  rotation  is  a  pitch 
about  the  negative  OX  axis. 


Nt 

/ 

0 

0 

r  • 

M, 

4, 

.  - 

0 

cl 

J 

,c  Nl  1 

,  0 

-Cl 

si : 

.  a/3J 

(42) 


The  second  rotation  is  about  the  positive  Oe^'  axis, 


r _ x  n 

jLi 

1 

0 

1 

0 } 

\t) 

Z  ! 

k  “ 

so; 

0 

cr- 

t?  J 

-.eft 

0 

j 

1 

.  Zj 

Substituting  Equation  (42).  into  (43)  gives 


Z 

t'J 


c  - 


0 

c(n 


I 

o 

0 


o 

<■*}■ 

4 


/  o  o 

*-  nx  <-1 


r  — * 

Ni 

-4 

1  n! 

J'l 

-  Ni  J 

t 

O 

a- 

c\. 

It 

*  * 

Ctfsi- 

(fj 

iC07_ 

stc-ct- 

'~s<o  Sfc  . 

L  M  ) 

(43) 


(44) 


(45)' 


Referring  to  Figure  53,  the  balloon's  unit  vectors  can  be 
expressed.  The  first  rotation  is  about  the  negative  QZ 
axis  or  the  negative  unit  vector. 


M  o  o  i  j  N, 

=  Of  -5 W  O  l  /£  ’’ 

l$2J  L  SW  cv 

The  second  rotation  is  about  the  positive  QN  axis. 

5b)  ce  o  -s*1  [a£  ' 

■~fs  i  '  S&  O  C9  ■  -  Cm 

oh  J  lo  i  o  J  c  y 

The  third  rotation  is  about  the  positive  jn  axis, 


Im  Mi  r 

uj  ccj>  o  sf  J  l  mi  j 

Substituting  Equation  (46)  into  (47)  and  (47)  into  (48) 


gives : 


*  5</>  o 

<?  i 

Ctp  o 


o  Ot\> 

i  t> 

o  $4 


'%)  r-s* 

'■Te,r  -<P 

IW.  t* 


£6>  o 

SO  o 
O  I 

‘S&SO 
C&  $0 

.  ca> 


CO  ‘SO 
S  O  CO 


COCO 

-so 


'  (50) 


S</>  50  50  +  CfpCO 

SfiMcif-CepSO 

co 

*0 

■ 

eg  so 

CO  CO 

so  < 

-c4  SO  so  r  so 

-cf  S6>CO-$4'$0 

CtpCO 

N>) 

Matrix  Equations  (45)  and  (51)  give  the  relation  between 
the  link  unit  vectors  and  the  inertia  frame,  and  the  balloon 
unit  vectorS.and  the  inertia  frame.  The  following  dot 
products  will  be  needed. 
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(52) 


i-.i,  --srAsheWtoc*)-^  cejstsew-ctwitcnsM-st  cs) 

i  ^ 

i-j,  •-  slices*)  -  an  c%  Use it)  i-aasg.  ($*) 


-*  y 

S(n[-C(j>  s&st+s<i>c<}')~  ck  c&l- 


C4ssc#-s4s*)  +C<%S&(c4c6>)  (54) 


— *  ot, 

■£•  ■*,  *  Cistst  ses*' C*C?)  tsc- c  $U4  sety-c.4,  w) -s<as£ (- s*  ce)  (55) 

— -»4 

^0U'  cKh*'w)  +  %<%  Ccrcvy-ii n  $SAs*)  (56,} 

M  V 

V^**cz(^4’WW*s*cv)+SKcZ4t4.Secf-s4,s^-sojSf.(c4C(,)  (S7, 

'"  s  ‘4 sf.)  +  c£./-s,t  w)  (S8) 

=  s  t-(  ae  at-l  +  c  £  £j#)  (SS) 

^r-i.  =  Sl('c4$ed 0-  S4a?)  +c%U4cs)  (60) 

Also  from  Equations  (42)  and  (51); 

«4 

<•  =  'Cl.(Sij>5SC4-c4s^)  +  S  lj  C-s4c&)  (61) 

-  >,  ■  ^ 

4£0ii="-C&lc6Cil>)  i -S&(S*>)  (62) 

—»  r* 

^  *^«r  "c  hl-cbsecf-sts*)  +sllc<pce)  (63) 
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Now  operate  on  Eguation  (41)  with  EqMation  (1) 

0  s  MAv°'7‘ 

~S2*£*Ir»l+4is*t‘-*(L,-!t,)  +  S4S#ly,,] 

+rt-r 

From  Equation  (38); 

iY  *Uhcm4,^Uiri;t  *(r«^s+c*)it 

The  dot  products  in  Equation  (64)  are: 

^  Us  '•  £-  t,  1  i  c0Tl S  fe  htse  [~S4  eg)  ] 

^{“vfosewacrhsrrt&lstseaf-e***) 


V'i‘  *J£{ t  «r, [sf{ Ue a) xlis,)}.  ktA  orAce-w) 

* S <U  c  i iet>  c<+)  --  S  c  5 1- ( W ;] }  A  R1m  (i>  S4  c e>  ■> e  c* )] 

*>*  /•J  #■  .• 

V'J‘‘  ‘-^^•(-‘■tsecy-stsvytcl  Ui.ce j] 

^  l-ctw  i  s*c«)  1 5*-t£  U+wsjsr) 

-  s<£  S  £■  ( £<6  Cl?j]j  t  [' Rj„  (vstce+e  C.A] 
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(68) 


(69) 


jr  -JB  -  ceefy  ir  so 

jyA‘  *  s*  c<9  (7 : 

Substituting  Equations  (66)  to  (71)  into  Equation  (64)  gives: 

jt  =  Ms(/2{i  C07[s‘&'(s4’S&ciJ' -c<f>st)  ■+c  fl-(-s4>c&)] 

+  <sj C(%Cs$  S&  s £■*  c.4  ay)  t  S<£ c  &is4s&ciy-t4 $iy)+S<z  S £  ($4^)1  ] 

fl  C<9  ^  +<9  s^)  f-  ^  S 0  +  ^ 3)  ("  />*  CO  c4>  +tl^  S&) 

+Ml{/  f  j  i  C(^l.SSiCc^ctKhct-(-s-s)^*i  Uk  Ices?) 

*-! 

+-5C ZC$Ct0Cv)-S<Z  S&tsej}]  +Ui^(^S^cO+Oc^f){^S4ct9} 


+4fv\/zJ  t  £<K'U  t-tr  C4  soc<f-s<j>  s?)  +  c  £  (cfc#)] 
+<z[c<z(-c<f>$0S()'  +  s<J>cti')  +S0?  cf/(~c4>  soay-s^s<y) 

-  s#  sg  Ukco  jl]  *1“/^  (ts#  co  +0cfj 3)  {“fy*  S^c£> 
*'iicto(ln  SV  +I2i  cV)  tsVly e-S20c4> 

+0 [‘5  52-^  y~X-jLg)  t  S?  S<9  ly^*]  l~Xyg  SOilygB  C.&cjf, j 
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Neglecting  products  of  angular  velocities  the  balloon  yaw 
equation  is  written. 

AJ£l\  -  Ms/Jl  C0/[s  S0C?-c4>sr)  +  C&  1 

dt\  ?  v'  J  ' 

+ fc\c(zts4s6  si}>+ etc#)*-  sk  c&(s4  sea? -c4  s<y) 

+■$<%  s£ ( S4 ceU]  f I  Rj„ (- $ c&t4 +os 4) 

(-9  $£  +?j. ])<-^  ■*  £u  **■> 

f  &  C&1  s Z'lc&cfjbci' Cs&j]  *i%  I  cczic&sw) 

4-1 

+  S(u  C&  Cesar)  -$(%.$&( s<9) 1  ] 

+  (9  s 4>c&y 

i  £•  C/jrr  [  s  &  [~c4  S<9CiT- s4s<f)  t  C  &  ( C4  co jl 
+  <£■[  CX' (- C4>  SV  +S4  Ctf)*  $%■  cfr(-c4  soc<f-s4  st) 

-  $£'  $  &  ^  (  if  54  CO  ky^  SA.ap) 

+  C-G  (Tzg-lzt  )+S4  SO  lyze  ^Vit  C-<PC'$\ 

**f\ t2<p(lxe  S24  +Jm  cV)  +Sz&h6-  S26>c4lyu}  = 

(73) 
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Operating  on  Equation  (41)  with  Equation  (2)  gives: 

+MV(- till«  &*!»  sV] 

+  f  ["2  S  (Ijrt -  Iaa)  +  S^Iyaj^  +  4  1"  1  yaa 
From  Equation  (38) : 

||*=  s/X?,  ♦  (fa-e*)  U  +  ('  <*&* 


2V\T 


rs  — * 

f  •>’ 


=  Rf*.  $4 
=  Rt«  c4> 

=  '  Rjm 


Substituting  Equations  (66'),,  (67),  (68),  (7.6),  (77)/.  and 
(78)  into  Equation  (74)  gives; 


S  r  {£  toj  [$  f;ls<f>,S£?Cit- c4>Stf)  *Cfx  (~S<j>  C&)  1 

'db  *=/ 

*£i  [  c<t}  ($4  $0  s  *+ c<j>  cq>)  +s<%c£  (s4  secv-c+svh  s<%  s  £.  {s4>  cej]} 
+ [ Rj„  (-  4  c <?c<}>  +6?s<t>)  -R^  (- v ss>  +j> )]) ( ^  s<p) 

H.  ,/■  • 

(ji  {£  c<%Ls£- I c&cy)  +  cl (st?j]  +  <h U<z Cc6> sy) 

■i-t  w 

+S<zcl  (cecv)-sv;  si (s*ji]j  *L^ (vstcet&tylh c<i) 
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U  £<%{.$&  c#-s4sy)  +  C&  {c4 c&)\ 

+<h  [  £02  ("c4  S6?  5Y  tS4  C  y)  t  $(X  £$i  t-c4  S&C4-S4  sq>)  -  sk  s  &(c<f>  opj\] 

4“  R^rl  4‘ $4*6+0  <yH)  (-Kj*  c  4>) 

f&l  l*t  .£z4  +  1-g'e  +  4  a  Stycetl-xB'  I  is)  +$4*0  lygsj' 

+  4'l~J/a  $4^  ('7?) 


Neglecting  products  of  angular  velocities,  the  balloon  pitch 
equation  is  written. 

MS}~  fa  C^Sf/  t$*S£>C*  "<#  s*):*  C &'  $4ce?  n 

t 

+  (§  w+ct  Cif).  -C*Stf)±  s (step)]] 

('$ce  efr+esi)  ~Ru  (-$&*$)])(  R^  S<p) 

+Ah{^f.{i  «zls  SAcect)  +-c£M]  +£.  [  to;-  Lees  if) 

+SC  CfAcectf-So;-  s£(s<?j]j+[ 4^  (lfs<pcpf&c4^)£ c4) 
+4iy{lf  {£<  c%  [$£  (-cfsp  cf  -S4w)  +  cf.  (c<p  ce?j\ 

id 
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cl(-c4>s&ctp-$4>sip) 

*i*7$l-(c4-ceft]  +  ["*;*.  +&c*)l  )(%*»■£  *) 

¥^{LiLxtci{f>-t'lffS14l+-^>\^S'2^cff(Ix»  '!*»)  t  s^>  s^ly**?  ] 
+-^>  S'*>]  =  ^? 


Operating  on  Equation  (41)  with  Equation (3) gives: 

l? .  Ms (v*-Z ) (g.Te )  *  ML(v<j.)ig* ■  f.) 


n 


*y[-  ly&  s#  t  Ty  it  C6?c<p1  +et~lyg8  s4] 


V? 

From  Equation  (.38).*' 
?ef> 


&'■!.  -■  -4 


(81) 


(82) 

(83) 


=  #;?,  .*  (84) 

Substituting  Equation  (66)',  (83),  and  (84.)  into  (81)  gives: 

Mm*  — 

jrf  r Ccpls&lsjsect-cjsir)  +  C&1-S+C0): ] 

dp  4‘^, 

tc£  [  coj  (sf  $0  sip + c<p~c(f>)  +  S07  s&  ctp'-c4  S(p) 
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+^llya]  t  ^I"jfy«  S£  +lyitC0C$'  +  &[-lw  S^]  (85) 

Neglecting  products  of  angular  velocities  the  balloon  roll 
equation  is  written. 

i.  iH)  *  Ms/^Z  It  c^i$  Us*  s&  Ctf -£#$</)  t  C&  ( ■ -  $4>  J 1 

/  AZl  (■ 

+(%  U^(s^ c4> <-n>)  tsa:cl(s4 $0  cv -cfair)* s<£'s'£ ^ c^? j] j 
+'t  l-ytec*  i£)  sj) ~  ^4<ri  (-  V'S<9-t*  ^ 4>  l  1  y,] 


+  fl-lygS6>*lygt£0c:(/>l  +&l-lyie  1^]  =  F+ 
Operating  on  Equation  (41)  with  Equation-  (4)  gives: 

§[*£,  M,V  -  H  t2  "*•<  1  «*  +  **  V  •  51 


(86) 


(87) 


^  C(Ta  a 


/ 


^  Cc£  j*A 
2 


.0 


n.  <  /n 


z\  ~  sit 


si  >  >t 


1 


J 


(88), 


81 


(89) 


A 


M  \  J:C<GJX 

-  .J  Cfc  M 

H 

- .  % 

*Z  r.  J  c.&l;S  $d$4>  3<?  - 

?L 

^  4g  s  ^  *(zlst{c# 

Xv 

-  -.X- 

i^VX  .-  J Cfol  S&  i-c# s&ctf-s &$<?)  *  £c$  C6»j|: 

She  following  dot  products  will  be  necessary.; 

«-4?  *  -H'  U  *  ctfe&i 


(90) 


(91) 


(92) 


(93) 


(94) 


€  -4  *•  $<£  «${&.  £}  (95) 

Substituting*  Equation's-  ;(i\$).r;  •<£$)„  (6,7).f  (68) , 

(88),  (8.9j,  (91)v  4nd  X\93)'  into  Squafcion  (87)  yields: 

*4muUfi*&4i  ««  c(£rt) 

*<k  m  sli^ff  ^f^y€| i^^Kci)  *h  s®  s 

■*<$.  C«f£  X; [£  £(£  c(l-  £) 


U  f  . 


fc  <5  $41?  5  ^  r|*)j f*$s v/, 2  j  £  £  <£•  [  s  t.  (s4s&cv-c4>$t)*c  t  (~s4  £*)] 


fm^&PZ’isfaestj'icJ’C#)* $<% c£-U$  se cy-tf  $v>)+  s%-$&(s4c&j\] 
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+C&('S<l>C&ji)  {(■  Carols  fjUdfCifj  *6&(s*j] 

(c&$  V')  +  St%-  etc  C$>  cat)  -  5  </7  5  f.,Lso)\} 

:i [  (ij> $<}> c o w opi) (JcctXsf*  Lee* w)  *-cLt s^)l ^ 


*4tir(j  1  it  cofl s If (- ^ sac^-S4S^)rctd op C£)f\ 

v  Vsy 

+0^'!^ 5<« S  5# seg  ('•C4>  5<?C.£/,-5^S^-5<^5 


+[“J?;v,(V  S*c*  rVc<j>j§f{J:C<rA  1st,  (-cjs&C'r-Stpw)  +cfnt  Cice)]) 


Neglecting  products  of  angular  velocities  the,  link  pitch  ( 


equation  is  written. 


dm  \  JtmfuAi  tiazut-i)  ihsvimfHli  «=  <&•& 

*(£,:£$}  <■■<%■  cLlx'f,)  'it-  SK  s  (f.xr  £-)3‘ 


tfwVc  £ f  m*ljCc.kI  L i obeli' t)  iit  sx s(L-iX\ 


’n 


l{&  «J-[s£  (^s^c^-d^svjf  d&6-S4c#0]: 


<%\.cVa  -t-tf  co>)  +  c-&Lsf  s&cit " c $ 5 ^ i‘sfcs$As4 c&)\\ 

■U^ (-?c#c4>  t&s4)-f!im(-j;s6  *?f\)(J 
-ctsi/)  -t-cf„(-s4c^i/ 

-  54/5  £6  *j]f +Ui^  ( £  5<^  c£  +&  c4>  OK  Is  1  fc*  cW + *  s^fl) 
+MV(J%  {£•  s&c^-Stpsif)  +C&  (c4>cef\ 

+  *l  1 

+<&Ic<5^s^s^+S^c^J+S(!?6i^C^c^-S^sV,J-S^^/SSf^c<pj]j 

+1-#.  (Ps+cm  t$b(lc(rA.sL l-assctf-sts* )  U*c*t) 


=•  F< 


Operating  on  Equation  (41)  with  Equation  (5)  gives: 


2><£  ~S'  ^ 

+^(y*.J,)(^.X)  ♦  ^(V*-?»)(§f  T») 


1^5 

N 

A  <  /v\ 

w'*, 

\ 

A.  - /*% 

% 

I  ** 

1 

o 

w 

Sx  >  M 

uH 

dax 

T  J t ck  (s4s& 5 v+cjc <r) + C tso-  s.f. \{ sfc<s>j] 
fa 


*Jlc<K(ct 9 Stf)*-  Sft  cf*(c6>  cw- s<zs£x  (s tfjf) 

ifli  .J,[ck i  cjs&sii'  +s4‘c.iy)  +s  <fcc&(-c4$0ci’-s4i#)-s<zs&kice)] 
fa  1 

The  following,  dot  products  will  be  necessary. 

A-*i'  -  SE  S(fi££,-C?.i«5/.=-iKste-i) 

^  *-A 

i-  *  £  =  C<£  fi(7;  c£  5U~  +  Sc£  s  t:  Sft  5 

*  C- ft  Cfc  +  S  ft  'ift.  c  (  tx~  t-  ) 

Substituting  Equations  (18),  (24),  (66),  (67),  (68),  (99) 
(100),  (102),  (103)  and  (104)  into  Equation  (98)  yields: 


(9?) 

(100) 

(101) 

(102) 

(103) , 

(104) 

(105) 

(106) 
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sj.  £**efZb  it  £<&S<Z $(&'£■ )  +CZ  ( co. ;• Cfa+ s &  SoZc(&‘  fj/] 

i$9a  a\;MI 

*~k[~tn  SG  sit-fJ  +<k(cfa  cox  i  sox,  sox  c(SA~f/ty)J\] 


+/tri 


H  f  f"  t  C<!1  SGSf&rt)  +&  l<-0}  COX  +St%  sfcc(tf$  jB  ^  1 

+•"70*  -J?  c%  +  /WfL  J.  2.  ['  X-  cox  S X  S  ( &-&J  ibx (c<%  c<&  +S&>' && 

ri—l 

•*■=/ 

+<t'lc<zls4se>stf +C<t>a?)  + SO?  eft  (sts&c  if -c4>s+)-t‘$<ZS&(s4C6j]} 

+  sax  c?A  (sts ecif~c4>sv)+  S<z$'$s,x$4ce2^) 

{ &  exist  (ceafi+ct(sej\  +xlcX-icss#)  +  Sftct- Use#)  . 

a**' 

~  5<£ s  % LsM^RjcA*  +a> c4>)$)0[ck  (css#)  +s<z;c£ Use#) 


-  S<£T  S £ +/Vl , 0*£ \ic<z[ 5 X £■  ^  +  c fi  (ejee)] 

+£  l  c<%  t-ct  $0s#+s<p  c#)  +sxc$(-  c4>s0t‘l'-s4>sithsfc  sfAcjce) Q  ] 

t  &  S<t>cs-te  cjf/{£ I  o&  (-c<j>S0S#+s<f>c# ) 

+  SX\  ct\  (~c<f> ssc#~s4s#)-~  Sox  sS/i  t  c4>c&)~\ ^ 


(107) 


06 


Neglecting  products  of  angular  velocities/  the  link  yaw 
equation  is  written. 

d-l££  \  =  $  f  "£  &*(£’&) f  %  te  cox *  5cr*:  stxc(&-  fj  J 

dtuoz)  «:*»  **' 

s/£  -&J  ^  ck  +so;  c(£-L))]} 


A-f 


CGSKSltrt 'A+fiUvaZ  +S64  bfcdk  fj)}  *■  IWVj 
t/Wfj't  l-i  CO}  sxs&'t)  *%  l co}  CJ7,  +$rA-  Sti  dh  !•))] 


*‘l 

u  <■■■ 


+MsO'l  {  £  C<K  Is  ^4  SvJ  •+  £  £  C£>J1 

{.■  &(s4S& cy-c#  w)  +S&  $&($</•  C£>j]) 
tl  (~$C£>  dfr'e  S4,)-f}jt/M  i V’  S0  +f (&S&S#  f  c4>  C^J 

+-S &£&  ls</>s&  cii>~cfcw)'i  S0ZS&  Isic*)]) 

+M&H i  co}[$iU0c<r)+c&( -sejVfctcKl&sti+SGtfj  (cficjj 


-  $6  $&tSfij]jA/?j.»(?Mcp  +& Lcw)*sozc&  (cscv) 

-$<z  S  fJsoiiy^/lKi^  j I-  t%lsf,k‘C4S0C'rS4S'r)  fc  t  [c^coj] 

+(%ltoz{mcd>i0$>r+s4>  ci/J  f  sc;  c£  (c^jjJ 
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+['4*  $  ce  ^  f c<^  ^  +S41  zip) 


t-Sfc  c&  i-cbsecip-sisip)-  s<r„  %%(c4cej])  -  U08) 

6.  Linearized  Inertia  Terms 

Equations  (73),  (80),  (86),  (97),  and  (108)  are  the 
equations  of  motion  for  a  tethered  balloon  in  three  dim¬ 
ensional  space..  In  the  derivation  of  these  equations,  it 
was  assumed  that  the  angular  velocities  were  small,  and 
consequently,  products  of  angular  velocities  were  neglected. 
Now  consider  the  system  in  equilibrium  under  the  influence 
of  a  steady  wind  profile  blowing  in  the  negative  Y  direction. 
Under  this  condition  the  balloon  yaw  and  roll  angles  and  the 
link  yaw  angles  will  be  zero.  The  balloon’s  pitch  angle  and 
the  links’  pitch  angles  will  be  some  finite  value.  If  the 
excursion  from  equilibrium  is  small,  the  angles  i y  ,  <f>  ,  and 
will  be  small. 

sy  -  y  /  <j>  ,  sax*  fa 

cy  -  -  C  l K  =  \ 

Furthermore,  products  of  the  angles  tp  ,  <P  t  and  oZ  with 
themselves  or  with  any  accelerations  are  of  second  order  and 
neglected.  With  these  assumptions,  the  equations  of  motion 
are  reduced  to  the  following  form: 

Mtfjt  <n  - 

Xu  * 

+5^Jy,-52<9ly?p]  -5-4>[-Jy*  5^+Iy2,C*]  =  Fey  (110) 
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(Ill) 


*  lit  t  (s&te  *ctse)  *  *im 

A.~) 

(s&S0~CiC£>)-fy„  £>)['#;„]+&  lr„]  -f. 

A~l  •  9 

MsUi^  -  /?;„  fee  t  &m  (fse  -  M-bJ  >-fU„\ 

r  v\~lyg  $8  f  T.  Vig  C  &  J  '  I  4 


UL-h) 

*  f. 1‘  i  *  i-cCl-f,)  tML\j.i  lUf.-cerCf,  iff) 

+Ri*.  e][IUs,  C&  iC  f„  iflj]  £  (-S  f;  ifi  >  cf„  Ce) 


fw*[? i  eft-t)  m  ttt- L)1  ♦  Til  t 

+el  A  -/ 


f  +-ic]  f  ^i2?  h  *■  0?  +yy*rLrl  h 

'"*'1+1  ■»'-  I  ■*-<  •*  ”=/ 

tAiUf# -hm  he  >&.  ttse-MUl  --  4 


Now  that  the  equations  are  linearised  they  are  uncoupled 
in  the  pitch  plane  and  lateral  plane  accelerations.  The 
two  equations  of  motion  for  longitudinal  dynamics  are 
Equations  (111)  and  (113). 


f!iL2 4*  i  s (i  f- e)  -M  yj!  1  %  c  ( L  te) 

+[  hi  '■MlrL  t  a  &U  1  ^ 


(112). 


(113) 


(114) 


(115) 
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I  w’f 

3  A-f  /  <,  — /  #i.C/ 

+/Hl J3s(fse)2  i  slgc+o)  *MVJ2C  (f«+e)lL  t‘c(l‘+e) 

Vt r./  4  -I 

^r[f  £ cO,- g  t  ca-t)l 

/H- A-*/  i 


+e) -Mvl  c  ( t  +ej\  $  - 

The  three  equations  of  motion,  for  lateral  dynamics  are 
Equations  (110),  (’ll 2)  and  (114). 

k  +llraC16+ly,S70-lyu$Z0+/Ms(#jU$i? 

-Rj~.ee?]? *[h><,C0-Iylse^sh„(Rimce-RiMS0)Y4  -  f> 
-MdHj,,  l£*  1 I„,  c*  -1  „  5tf  t/Hi  h.m  ( «i~  c*-fUm  ^  ^ 

4!/ 

+  [ly«  +MsRjcm~\  i  s  F* 


(116) 


(117) 


(118) 


I  wfe  *  *Msjiz  *vilLr« 


Note  that  the  lateral  equations  (117),  (118)  and  (119) 
are  still  dependent  on  6  .  If  the  number  of  links  is 
specified,  the  inertial  terms  in  the  equation  can  be 


(119) 
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written  out  explicitly.  To  do  this,  set  N  =  3. 

The  four  equations  involving  longitudinal  motion  «^e: 


[he 

+UlMt-&^s(fo0)  -Mv  ]  j  f, 

+UIMl  h*  £(&+*)]]  i 

+U[MiRk*s  Cfi+ehMvki*  ctti+e5\]$3  -f0  (120) 

fj  [  4.  s  ( /i+*)  c  i  1 1  &J] )  & 

4 /[  T*  ****«  +  Wf,**)  j  r, 

4/f  ( )  <•  (Sr  t)  *MJ  ( foe)  si  foe)  *M  y  C  If,  te)  cl  foe, j]  ]  ‘t 

» 

» 

^ ^  ■--  Ffi  a*!) 

UiMi  fa~stz  cl&e)  1  ?  £ 

rU*[  T  Y/mn  t/lL  il(  fz-te)  +  /H,cY  ?> 

^7  +'W*) £  £ £J  Ml 1 5 (foe)  5 ft  io)  £  -  Ffa 
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Aril  2  */”(r>L)c(.fi-¥i)+ML$(fi'te)s(fiie)t-/tfHc(fi-+&)clf}t&)~}'j  )f, 

¥{l  U~2"h/>>,fii)<:(fi-f))r/VIL  <;[&+e)s[&£>)  +Mvctf^&)cLfiw)\]  ?3 

f  \r\  *f  +/nPl  -t  Ml  sH U **)  +MuC*(  fyv&)\]  1 3  -  F*  U23) 

The  five  equations  involving  lateral  motion  are; 

fX  c%&  +1Y6  s*0  "lyn  SW+Ms  (fa*  S&-R}*,  Cefl  $ 

+  {lyie  C$  ~lyt  S0  +/W£  fam  l  C6>  -  fa#,  s&)]  4 

4  Mslfa*  s&-  Rj/tn  c&h]  07  t  \£au  (-fa*,  S0 - c&l ]  (fa 
4Mx  f  fa^  s& -  ce^efa  - 

•  (124) 

{ 1  ne  ce  -  lye  se  +Ais  fa^  ( r ^  c&  -  fa/n  S0)i  # 
ha  +Ms  tfX  ]  4  f  kMAH  ]  07 

•*/> 
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+  {/*[¥*  +/>*„+ /Ms!)  # 7  +'{J1l^t  +/wfLi-/l/}s~] 

+  {j*L  i?  +/n,i  M?S]J<£  -f^ 

{/Ms  [  fo«  S0-fy**  cel]  V  *’\~J.  Ms  fad  4 

A/l  3~r  h  "*,1  +Msl}t 7  A/V*T  ¥/y>1n  Mfcli  h 

+  {r[*T  +/wn  M1S]]  <73.  -  Fr% 


\J.MA$am  se  ce'llV  +{~JAU  lh^}  i 
A/lQ+^n  +Ms]}(n  +  \A%\r*  h/M/i 

*U*l^+»n+Aklftn 

Again  notice  that  the  lateral  equations  are  dependent 
upon  &  .  It  will  be  assumed  that  &  remains  constant 
when  working  with  the  lateral  equations. 


(126) 


(127) 


U28) 


93 


SECTION  III 


GENERALISED  FORCES  IN  THE  LONGITUDINAL  PLANE 


1.  General 

An  expression  for  the  generalized  force  can  be  written  as: 


Q^lFr3  +M.- 
-1  i  *  n, 


(129) 


H- 

where  L 

M.  =  aerodynamic  moment  acting  on  balloon 

f .  =  applied  forces  acting  on  system 
0 

V,  =  velocity  of  system  at  point  of  applied  force 

) 

The  applied  forces  acting  on  the  system  are: 

pg  =  buoyant  force  acting  on  balloon  at  C.B. 

—4 

l y  •-  gravitational  force  acting  on  balloon  at  c.g., 

•A 

=  aerodynamic  force  acting  on  balloon  at  some  reference 
point  C.A. 

Fp.  -  aerodynamic  force  acting  at  c.p.  of  "i"  th  link 
Faj  ^gravitational  force  acting  at  c.g.  of  "i"th  link 
s  gravitational  and  aerodynamic  forces  of  payload 


acting  at  PK* 


(#)  see  Reference  (  7) 
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Figure  59  shows  the  applied  forces  acting 
longitudinal  plane. 

on  the  balloon  in  the 

F»  c  L-s  n3 

(130) 

V 

(131) 

rf’-w,Hs 

f~/l  "  1  l 3vfl  Ni  ~  F OHH  N 2- 

(132) 

The  following  dot  products  will  be  necessary. 


Nr'h  9  S&  1 

/£  ‘X  =  ^  J 

M'fg  =  te  1 

* 

jfi  X  = 


(133) 


(134) 


The  velocities  of  the  points  at  which  these  forces  are  acting  are 


(135) 


% 1 1/  £  £  *  h<i  ej,  -  Rf 9  e~£, 
Va  -  fj  i  <  *  hn  e  Ja  *  RjA 


(136) 

(137) 


It  the,!  follows  that  : 

^J4  s  fa B  jg 
?6> 


2>t 


(138) 


"C  V  — 


-  fcjtA  }s  " 


:  ^  s 

*L 


Applying  Equation  (129)  to  find  Ftf  : 


(139) 


(140) 


Fe  -  FB ■  •  t  F*  •  £l 4  i-  ^ f  Met 

U  f  2>e  £>e 


(141) 


Expanding  Equation  (141)  gives ' 


F&  ~  £  l~$  -Vt^  ^4*  ^  Fg\>fi  Ra/i  "  Fm  R  i/i  J  S  & 


+  8.}%  ^n  kia,  ~  Fgi/fl  kjfi  ~  Ftp#  f Me 


(142) 


The  generalized  force  F*  is  now  calculated. 

J'l 


Fpi  ~  t  Nj  —  DfLV  Nj 


(143) 


\jl  '  rm.  (%  A/3 


(144) 


%  s  “  K;  5afc  £  -  0 cvic\  Z 


(145) 


The  forces  in  Equation  (143)  can  be  seen  in  Figure  59.  The 
forces  in  Equations  (144)  and  (145)  can  be  seen  in  Figure  60. 


Shear  forces  are  neglected*  The  velocities  of  the  points  at 
which  these  forces  act  are: 


r 


it 


* 


W 


10 


I 


go 


(146) 

(147) 

(148) 


where  is  the  ratio  of  the  distance  from  P,-_j  to  the 

c.p.  of  the  "i"  th  link  to  the  total  length  of  the  link. 
From  equations  (146),  (147),  and  (148)  it  follows  that: 


=  j. 


fJS 

A  <2 

-\ 

1 

11 

N 

1 

2 

• 

S\  '  A 

1 

A?  2 

J 

(149) 


(150) 


r 


fl<A 


A  -a- 


A  yj. 


(151) 


98 


Applying  Equation  (129)  to  find  F €  : 

j/i 

ft  -  Fe  •  t  f<,  -  2j^  r  t  ^>4 '  iy*- 

”  >i  }  >t  71  <31 

+  Z  ft;  ■  *■  0-  Ff.  •  2)fc 

Simplifying  Equation  (152): 

F^  =  Ls  A 1 1  -  vt/ai c  &.  <•  Fbv/)/ cSA  -  /  s  & 

/^/U  ^  5  &  ”  Of  l  C$A 

-mtflcl  -yjct'l  AX;  ~£c„Idcm,  s' l  <£><*,  c’X.] 

i/l  f  lWs‘£  +  <Wc’£0^£-fi) 

As  with  the  inertia  terms  the  generalized  forces  are 

t 

coupled  in  the  displacement  coordinate  and  the  first 
derivative  (the  aerodynamic  terms  contain  a  velocity 
dependency).  If  it  is  assumed  that  N  =  3,  the  generalized 
force  for  -each  link  can  be  written  explicitly. 

Fft  Hi  Jet,-  Wgjcf,  +Fm  Icir  FBHfl  1st,  -sy»n  c  f, 

"OpinJSf  -DpuV^Cf,  -SMCfrJL  Cfr<$lci\\.Ar\-tAr)\ 

~J.C\  [  Ocfll  S'  ft  f  bcv)  C2  fl  J  -  J!.  I  (  Dew  52  fl 

£* fx  )  £(  Ja*  fl)  +(bcn3  S  fs  1’Dci'J  C3fj)  C  (fj f-  ^;  )]| 


(152) 


(153) 


(154) 
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~  Ls  eft  "  Wg  J.  c  jfj  *  Fg  \>ft  /l  c  'ft  -  yg  A  s  ¥2  ~  /fflpi.  (^Jic.^ a 

-»,LHls%  -  b,LVJc&  -Anylcl*  [&*a  5*fa 

t  Dci/2  C?  bcH?S  fj+DcVjC  fill  ^2"  f  2) 


Fs  =  U/cfe  -  WiJcfi  +F sm  ^c?3  “  FgHfi  Js% 

"■J 

cfi~  OfLfl-^  $  ^3  “  ftpLY^  £  ~ C 

'"J’Cli.  DcH3  S2fj  +‘0Cl<'3  £ 

2.  Aerodynamics 

The  following  aerodynamic  forces  and  moments  are 
defined  in  this  section. 

j  Mec  }  $PLH  j  bfit-v  j  ben*  )  PeW 
The  forces  F*^  and  F^*  are  the  sum  of  the  lift  and 
drag  components  acting  on  the  balloon  in  the  vertical  and 
horizontal  directions. 


LIFTS  =  7, 5.  [  c,.dt  4, 


(155) 


(156) 


(157) 
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(158) 


The  aerodynamic  coefficients  ' 

are  generally  functions  of  angle-of-attack  (  o(B  ) . 


F8Ha  =  DXAts(cfo)  +  lifts  (sn) 


(159) 


FByA  -  L)FTS(OfB)  -  DRA6B(Sfa) 

The  variables  ,  o(B  ,  and  will  be  discussed 

under  the  wind  \rclocity  section. 


(160) 


The  aerodynamic  pitch  moment  acting  on  the  balloon  is  given 
by: 


Mvb  ~  Sz  +  £'*oa  ) 

\  V Bfi /J 

where  and  are  functions  of  angle-of-attack. 

*”bi 


(161) 


The  terms  j)nh  and  are  aerodynamic  drags  acting  on 

the  payload  in  the  horizontal  and  vertical  directions 
respectively. 


bpm  ~  ~2  ^ pl  L  $  pl.  t{>fiL  aht 

=  z  Ppi  [  Vj 


(162) 


(163) 


c, 


’  tL 


and  jff  are  discussed  under  the  wind  velocity  section, 
is  an  input  constant. 


The  terms  0Cf)^  and  are  the  aerodynamic  drags  acting 
on  the  "i"  th  link  in  the  horizontal  and  vertical  directions 
respectively. 


DCt)j  =  2*  fa  ^D{  VCt'  Qki  Vc;  (  JwcJL  +y ej) 

Dcv;  ~  i  bSaCtcVci  Stcj  -  "i  Scv  C-tc  Vcs$cS) 


(164) 

(165) 


<Pe.  and  Vi/cJ  are  discussed  in  the  wind  velocity  section, 
and  iC/l-  are  discussed  in  the  translational  dynamics 
section.  (4/  and  Yd  are  the  total  effective  velocity  and 
effective  flight  path  angle  'of  the  C.P.  of  the  "i"th  link. 


3.  Translational  Dynamics 

Although  angular  coordinates  best  define  the  motion  of  the 
system,  it  is  necessary  to  calculate  linear  coordinates  to 
express  the  applied  forces  acting  on  the  system. 

a.  Tether  Dynamics  in  Longitudinal  Plane 
The  following  equations  define  the  linear  displacements, 
velocities,  and  accelerations  of  the  c.p.  of  the  " r"  th  link. 


yCA.  *  -11  Ct  -  c  4  c-L 

(166) 

Z  1**1%  St  + 

**\ 

(167) 

L  -if  i  St  +C„jist 

(168) 

!=■! 

Zc„.  ~J  £  j  +  CtJ  £>  c  f* 

(169) 
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^  £  s?.  t/i  t;  c  f, 

*  -/  v»/  *•<» 

<-cAllsz  +c„Jilc& 

(170) 

*•  •'W  <*  yj_( 

“  ■^j:l  i-  c&  -  ^2.  jf  5  £ 

"Cii  d  -cii’st 

(171) 

b*  payload  Dynamics 

-J- 1  c  £■ 

A  ~t 

(172) 

2n  :  J-  1  S  £■ 

**! 

(173) 

A‘  -/ 

(174) 

id 

A  2/ 

(175) 

Yn  'Ji  isi  *li  j*  cl. 

A->  ~ 

« 

(176) 

Vst. 

A  -/ 

(177) 

c*  Balloon  Dynamics 


ye  *Yn  i  l  SH  %e  -  R.  Cfi] 

(178) 

Z«=?„  >l-Rt  C<9-R,  5*] 

(179) 

*  * 

Yi  ’  Yn  i  [  tfi,  te  <•  Rf$  j*>]  6 
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(180) 


it  ‘in*  l  h7  s$  -  Rif  c&\  e  usd 

i,-  'in  *  ihtto  *  Resale  A~hf  *Rjf  C&\eZ  (3.82) 

Ha  -ifl  f  t  S-A-tty  c&  f  ^  s*]  0*  (183) 
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A.  Wind  Velocity 

The  steady  state  wind  profile  for  any  simulation  is 
assumed  to  be  a  function  of  altitude  and  acts  in  the  horizontal 
direction  only.  A  second  force  in  the  form  of  a  gust  may  be 
incorporated  on  the  balloon.  This  gust  is  a  function  of  time  and 
may  be  applied  at  any  angle  (also  a  function  of  time) . 

Referring  to  Figure  61/  the  effective  free  stream  velocity  for 
the  balloon  is  found  in  the  following  manner. 


Figure  51 

Steady  State  Wind  and  Gus’l.  Ac  irg  on  Balloon 
in  Longitudinal  Plane 
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The  components  o::  the  gust  in  the  vertical  and  horizontal 
directions  respectively  are: 


The  steady  state  wind  (  \JW )  and  the  atmospheric  density  {  fg  ) 
are  considered  to  be  the  same  for  the  balloon  and  the  payload. 

The  wind  velocity  at  the  center  of  pressure  of  the  "i"  th 
link  (  'S/wc*  )  is  as Homed  to  be  the  effective  wind  velocity  over 
the  whole  link  for  purposes  of  calculating  the  drag  on  the  link. 
The  center  of  pressure  is  calculated  by  finding  the  dynamic 
pressure  at  the  b  1  •  ora  and  top  hinge  points  of  the  link  and 
assuming  a  linear  Attribution  of  dynamic  pressure  over  the  link 
as  shown  in  Figr.-  e  fi2. 


Ha+; 


vw 


Figure  62-  Dynamic  Pressure  Profile  Acting  on  Link 


The  dynamic  pressure  at  a  hinge  due  to  relative 
velocity  of  the  hinge  is: 

The  dynamic  pressure  profile  presents  a  trapezoidal  distri¬ 
bution  of  force  acting  on  the  link.  The  centroid  of  the 
trapezoid,  divided  by  the  vertical  length  of  a  link  {./sin  £,  ), 
is : 


106 


Cr  is  a  n°n-dimensional  center  of  pressure  for  the  "r'f  th 
link.  The  non-dimensional  center  of  pressure  for  vertical 
drag  forces  is  assumed  aiso  to  be  iooated  at  C 

r  ’ 


SECTION  IV 


LINEARIZED  EQUATIONS  OF  MOTION  IN  LONGITUDINAL  PLANE 
1.  General 

It  is  now  desirable  to  study  the  motion  of  the  system  when 

perturbed  from  its  equilibrium  position f  This  perturbation  is 

considered  to  be  small  and  consequently  allows  one  to  ignore 

higher  order  effects.  For  example,  if  $ f,  is  a  small  value, 

*  % 

terms  involving  Sf,  will  be  negligible,  The  four  variables 
6,  f,  ,  ,  /3  ,  and  their  derivatives  are  perturbed  as  follows: 

Q'9t+S0  J  &  -  le 

,  i*d- 

There  are  s=veraj  terms  containing  sines  and  cosines  of 
combi  nations  ::  9  and  'f  .  These  terms  are  linearized  below. 


6  » 18 
#•  It 

t  -■  s  t 


l 


(196) 


Sl-‘SZ,*St/C6e 
cl  =  cl.  '  it  S  ho 

S%  -  s'lc  S3&, 

C't  -  C*  fie- St  Silo 

s(&+  Sf)  -  s ie.-* £„)  *( iff  +H) ci&>  t  £•■>) 

de+l)  = 

cl!i-fi)*c(l.-sf,)*li1rlt,)sl  h.  -  V3 


(197) 
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2.  Inertia  Terms 


Equations  (120)  to  (123)  are  the  equations  of  motion  to  be 
linearized.  If  Equations  (136)  and  (197)  are  substituted  in, 
the  results  (after  cancelling  higher  order  terms)  is  given. 

Note:  The  £  symbol  is  dropped  from  the  perturbation  variable 
for  ease  of  writing. 

*UIMi  s(!„  t&c)  -M>  Rj*.  c  ( to  tft)]]  l 
*■{./ lMt  S  ( JL  -J[\v  c ( X  +t &)]}  f2 

hm  S(f*  *&} -MvRf*  £  iLr&M  '•=  to 

*  (198) 

\Aml  ^  5 1 &  +a)  -Mv  c  (X  •/  &)]  j  £ 

+{/*[-y  **£>*)]]$] 

+  \A[(^f~  hwPi)c(L'  £J  h/dj (f,„T%)s  ( /*.  *aj  [fu  naj  d ( X*&j]  j]([ 

fLHu r  />;  (i99) 
U^Ja^5(L  ra)-4U^c(L  +&)]}& 

4 fli 'L)*/>Lstk*6!)s(br& i)  tAuiLta)clL-wA}i 

*U*l^r  r/nlPi  +/}i,sJlLr&)  *-/t1l/c3(L+&)]i  t 

4f\[^  ’**,) 4l~L) 'A s t L*a)s ifaa) hMtc(&&k(f3***)]$3  r  /y2  (20°) 
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{/lA  ttu,  s(i te*a)  -A Rj„  c(fo»j]] e 

*U'lf  +/>*n  *MlS3( &>*&)  i-MvC'd^i-eJl]  f3  =  Fg}  (201) 

3.  Generalized  Forces 

Equations  (198)  to  (201)  give  the  coefficients  of  the  second 
derivatives.  It  is  now  necessary  to  expand  fG  and  /y.  to 
find  the  coefficients  of  the  first  derivatives  and  the  generalized 
coordinates.  Linearizing  Equation  (142): 

<>  =  !  Ls(m  *“  Wg  Raj.  +  Fbva  tUA-Fiuiij/iUte+ec&l 

+1-U  Rj,  m  Rjf -few  R»  -F,m  fjul  h*  "^5oJ  *M„  (202> 

The  variables  FBUfl  ,  f9HA  ,  and  M6B  must  be  expanded  and 
linearized.  The  Equations  (157)  to  (161)  can  be  written  as:* 

u m*irXS'[c^<*»»)  *■<•»$"}*']  (203) 

(204) 

M.a  <205> 

F8M=  D/M6-B  (206) 


no 


Fm  -  lifts 


(207) 


Note:  -  0 

.  .  2 

In  Equations  (203)  to  (2Q5)  the  coefficient  ybr  must  be 
linearized. 

From  Equation  (188)  Vbr  is: 

v«  -  K  *  K 

’UUs&*isZ.+&Sf»'}4ltttc&  *Vw] 

V,*,  =  Yj  +  zVJiJtisf*  ‘i  sL  > 

Substituting  Equation  (210)  into  (203)  and  noting  that 

Cid6  <*■*<>  =  Cl*  : 

lifts  vJhUu  <■  ^a.(^J«] 

Substituting  Equation  (210)  into  (204)  gives: 

s>m  8-4  4 1/»  £«  •*■£*,  ^  <■  (4> )  e  ] 

4 M»$,U (isf„  4 ht.  4- f3  sfj  ifat ce,  >Fh s*}e] l  £«] 

Rearranging  terms }  the  variables  ,  and 

are: 
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(208) 

(209) 

(210) 

(211) 

(212) 


(213) 


hvA  =  fuSa  C L‘Bt 

+ ft  (-&> + Rjy  $0° )  &  f  [  ft  14 iStJlsfjo  Cm  ft 

+ 1 A Vw SbJ si»cL'li  + 1  ft  v*  s*/  s % cu ,]  f3 

Fan*  =  $t  $i  *-lf*SB  CDolt]0  +  S  B[j?B  • pr  C9^g 

+  ft  W  C9>  +  S*o)ft,l*  +[  ft  V* 5 &  CM  ]  i 

+  1  ft  #*£,,]&  AfaKSeJS^Co,]?,  (214) 

Mdi-  ^«Sg<ftC«a  +  \$gShdt  £/>”ctt]&  *  ^**6b 

*ft  Vw  (Ra$  CQe  +R  jf  $&•)£**  eh  &  +  L  5&  Cn#"J  ft 

+[ft^5U8/S£0C*Jft  +  klU^/sft,CeH  (215) 

Substituting  Lquations  (213)  to  (215)  into  Equation  (202) 
gives  the  final  linearized  form  of  ft  . 

F$  ~  I  L  ft  Rjti  "  Rjtf  *  %s$t  ( kj,A  ft*  ~  ft*  )  1  $9o 

A'~L$Rjfi  +  ^~^jA  F'lt  ~  &JtA  ftfi)}  ^8°  ^  $B  $B  di  C/t^B  J 

*  *[  1ft  Rji8  “  W^a  t  fa  S9  [Rj,a  fta  "Rjfi  ftalj  ”  l~ft  /?;g 
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4  ?sh  (~R}a  Cl*  +  Club~  f?j/)  ^&a 

l'  8  j/)  CL^  -  f(itA  LDeiB  J  C&c  +f6  Se^i  C»rf ^  J  0 

[/?Aw(^g s^-^e c$t)yR)fi  (~£pdBs&~Cj.dlf0*) £»»*<,  1 
'^L&VirSsl  /fop  5<ft]  \1&Aa  5&t>  ~Rj/l  C6*]  ^L8~(^i/0  ^  Lai&\\& 

f/ff  K*5*/ 5j f/tlftj/j  (C^a  SBo~Cbb  £&)~kjf) (^t>e *  Llb  C&)  j'  ?; 

^/ff  5 %c^hfi  (LlR  "  L  Pi  ~  Rjfi  ( Ll>l)  ^  A  *~  Leg  c&)  td  D  La*  b!  fv 

0 

■fh %L sJSfjol  fa# Ui8S&  ~L p* L&d) (CpfiSA+Li.1) CSo)  wl% C»* « ]  (216) 

Next  linearize  Equation  (154)  assuming  that  the  payload 
drag  is  zero  and  that  the  center  of  pressure  is  a  constant. 

-jd{lcf/o'~  ft  Sf/c\  I  is~  Wi  +  Fev/i  *  ^T^jl 

+ L  5  ^  T  f,  £&]  [-  FbH/)  1 
-£ib,«(sJ/*+^  S3/J  tDcU'fu  -fisafi.)] 

-Id<„  (s‘/„+e  «/»)  +  sttJ  (difi.-/Jsjfc.))U<£.-;j  <  fs-/,)s  (fi.-f »fl 

-[D..I  (j'Vto-tfj S3f«)  i'Ocw  (c%-?,Sl  fijWjv/J  */f,-/,)5fri»-lj]]  (217 ) 
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C)  is.  given  by  Equation  (112  )t 


f.,=  )  [few  4 j  jw. 

3  L  9tt\  4  /as  J 

From  Equations  (164)  and  (165) | 

2 

tW  “  i-  Pa  t  VL-  *  1/u/cv]  Scj  Cdc. 
btn  ~  tc/  ~Zc„  VwcJ  £°c 

From  Equations  (168)  and  (169).' 

ia  =jf‘  i  Sft  +CiJist 

h> 

2a  -1 1  &  C  &  +  C*/  j  <  & 

>='  ' 

Linearizing  Equation  (220)  gives t 

^  fc*  Ctc  Vwci  £  l  ^  jo  + 

The  terms  [  y^.  f  ]/wc.P[  are  expanded  as  follows) 


(218) 

(219) 

(220) 

(221) 

(222) 

(223) 


[Xc/^VW/]  -  0.  I  Ct  fi  $  Fio\j-  Vu'd  *VtocJ  (224) 

lyu*Vt,a),‘t[iiS»*C3f,Sfat'Uv„a  +  Vw‘>  (225) 

l Yc,  +  VU)^  2  Is,  ss„  +i$f»<-C3  j3  Sfjj v„»  +  K !, 


(226) 


Substituting  Equations  (224)  to  (226)  into  Equation  (219) 
yields  Den*  •  Oct/X  comes  from  expanding  Equation  (223) 


Dew 7  i  ft/  Cot  L* (ti  i  Mwc  f  Vwo  ]  ) 

(  (227) 

t>CV<  ~  X^c/Sci  J?  C)  C.fu>  j 

dcn3  '  h.  Pci  Set  Coc  [  J 2  (f,  Sflt/  t  £3.  fji  S  fio )j ?  Kt't-a  **  l/Wil  j 

L  (228) 

D«»o  '•  i  Pci  J  i f,  cL  t  Ct  t  cL)  ) 

t)cH>  *iPa  Sc,  cbc  U(i  S L  *-ksL  +4  i  SfJjVrH  +1 C>  J 
Oci/i  '  ^  Pci  Sc,  C.DL  Vn/CiJ?l  f;  cfh,  +  fu  CSs*  Cfic  1 

Substituting  Equations  (213),  (214),  (227),  to  (229)  into 
Equation  (217)  and  separating  terms  gives  the  final 
linearized  form  of  . 


Ffj  ~  J^{cf\  U  -  Wi  +  i'™)  1  fS  fit,  l~f-6 

J  Pc,  Sc./  Cpc  ZyjC,  S  §it/  PtJ.  Sci  Cfic  Vwa  $  fit  UL"  fjc) 

~i  Sc3  cK  \£c,  s!f*.  clf,„~  f3,)j 

j?  &  $0  (  ^  ^~L  jt  ~  ^ 
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$  $c>  [  ls~  W&  ^<*1  *  £  f/e>I.~fis  S&  P-Qo } 

~  ~%  fc*  $Ci  Cot  Vx>£)  Sl&t,  ~jf.  Pci  $C2  £oc  V»c  3  S  fit>  S  ( fi0~  f/e  ) 

fciSa£ oc  i4^j  s*  fn  s( §io  -  to )i  ?/ 

+JH  &  So Coc  vtcal sjt  L  dL-L)  -s  %  s  (L-L)]}  f, 

tPH  fa  Sc  i  ^  v£ ,  [  si  £  ( &-  /j  -sa&s  /&.-  jy  ]  ]  Z 

*A?*S*  jr  VLia  c^<aia $f»]+Ss #/d&/£%S&]k<  cf»‘£nS&\U 
W  Slfl  14/5 &[  -lldfaSo  U  i Le,  (s3f/tt  +ic%) 

+  Pc.  2  SctCoc  Vh 'C2.  (s%  S&  4-  ^f^CU)c(fty  fM) 

+Pa  Sci  Cbc  l/wci  (s'&oSf*  ric2fj(/  cf/t,)  c  Cf,trf^)\]  f) 
tP{ 5*  ?&  l JwJtsfulCn cf^Cpg  S& ]-jt[cz  Pc*  £»  CpcVw  (s*L 

tic3 1,,)c[L-f» ) + Pc i Sc3  Cu  VKC3  ls% SSL,  +U%cL)c(fll,-ij}\}f> 
foe  Pi  ]/*J}  Sfic  \  Ctt  C.fjc'  Ccc  5  ivt.] 

-Jl  l  Ci&s  Sc3  Ccc  l uUs'%  +JiC1fJc(t-f3lt)']  'j  i  l2 
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Equation  (155)  is 


Ffj  -J’iltfu'  f-j  Vfu\  I  Li"  W&  +Fbva  *  i  'w)l 

*■  I  5  f-u>  ff±£  fio  ]  [■  Fi  Hfl  \  "  c  j  L  bctfl  (  S U  f-JC  '*  fj  Sjt  fio) 

+  Den  ( £ 2  f/o  ~ £  5 2 f*> )]  - 1  Otf)}  [ S 7  fjv  '  f'u  ) 

♦  Si  &MdL-L)+(f>-ft)  i(L- L)}}  <231> 

Substituting  Equations  (213),  (214),  (228)  and  (229)  into 
Equation  (231)  and  separating  terms  gives  the  final  linearized 
form  of  F*. 


Ff-j  -jl{ c  fit;  I  Li  ~  Wg  ~  Cj  i/»ln  *\/yn)  Sj?  Cigj  4-  S  £pg\ 

Pa  Sc2  (-DC  VWa  S'  fte  Pci  Sc  3  £/>c.  Vuti  $  %  sc.  Cl  fJc, ).  j 


k-P {  fa  S&  I  £  f*o  “  S  bo  £duq  1  i  & 

f&lis-  W&  +g#S$£it}~ji£.  fi*  [~fo  S*  Cpb\ 


_  C). 


2  Pa  Sc.z  (SiC  Kv-v  S3  bo  "  )i  Pci  Sc3  Cdc  Vvc  3  S^fjoS  IfitT  ft* 


Cpc.  PiDc  3  [52.  fie  £  (  f>p~  fi- )  -5'  fioSlflc  ~  Szo  jj  J  fj 


cf^ss£]  is0f8  vMqUrfys^CMC&^SljJe 
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Jt  {  P$  VwJl  S&  L  Ct-s  C  "  Coe  5^"] 

l  C3  PCx  5ci  C*£  Vii/CJL  (  $*  fxi  sf/e  C‘  f*>  t'f/ex) 

+  Pci  Sc.jCoc  l/u'Ci  lSJ  fie.  S  f/r>  f  C*fu  C-f/o)  C  lfiv-  ffrjl*} 

Vh/J.  S  i‘y0  \.  C  ufi  C  fi*—  Cpf-  S  f3o  ^ 

I  Ci  Cci  5c 2  toe  Vu,iiL$  *fu»  T~k  C 
+  fa  Sex  CPC  14*  s  ( 5  *  &  s  to  4  £  2  fu  ct»)  cl  L'  &j] }  i 
>J{ $B  Pi  K  /  S  fu  [  Cu  C  fu  -  Cm  S  fu] 

% 

-J-  I  Ci  Pci  Sc3  Coc  1/*C3  Is  *fu  +  4t  c 2  fjJ  C  (  fs»-  fioj\  }  f3 

(232) 

Equation  (156)  is.' 

Pfj  ~~P  L  £  C  fio  "  ft  S  [  L  s  -  U/g  +  Fsv/i  ~  p  L/y-ifu  f 

*  L  $%e>  *  f}  CtP]  [-  Fen/i  3 

'-C}i»cHi[s2fio  rdcu-3UXfio~f2  Szfu. )]}  (233) 
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Sxibstituting  Equations  (213),  (214)  and  (229)  into 
Equation  (233)  and  separating  terms  gives  the  final 
linearized  form  of  * 

P fa  '-4'i  C  L  L$  -  W6  L/>hPl  *  faSd  C-lb  1 

S 8  fpn]  “  2^  Pfi  Sc  3  Cpt  VkrC3  3  /  te  j 

/ Uk  I  c  ft,  c^A  -  5  ft,  4,*  ] ]  a 

"t/  /"3ft,- 1  "  U/«  -fi/Wfit  f  *%)  +jfa  5/i  4  ] 

*“  £  fta  L  ^  3/j  "  -j  Cc3  $'i  ^oc  3  3^  ft,  ]  ft 

+4)SfL%  U  t  4<?  C  &»  "  Ct>6 $ 

+  f  &  *  c  a  rf^  $& )  (  cit  c  ft,  -  a*  s  ft J  ]  ]  & 

S*  Pb  Vw  4s &  I  Um  c&-  4«  S  ft,  ] 

~4  C’i  Pc  i  Si  3  Coe  Vit/CS  ( S  '  iL  Sf/e  +-3  Cp  fie  £■  ft-  j$  $, 

*-fi  SbPbK  4  $  to  1  Ci*  C.  fir  -  Cos  5  L  \ 

~-4  Ci  /ft  Sc 3  C ixr  1 Vu>£3  Ls  f  ie  S  ft,  C 1  ft,  C. },v 3  \  ft 

+4  "I  3(j  fB  14/  Sf  .Jc.  C.L  ii  Cfio  ~  £pu  S  ft,  1 
^i2  Pci  %l  Coc  \J Use 3  ( s3&  vi  ft 


4,  Characteristic  Equation 

Equations  (198)  to  (201)  in  conjunction  with  Equations 
(216),  (230),  (232)  and  (234)  form  a  set  of  four  simultaneous 
equations  of  the  following  form. 


t  hi  6  *  ¥a‘2  f,  fi  ’  <L' 


■C  I j 


(235) 


The  system  is  assumed  to  be  in  equilibrium,  S,i  -  O  ; 
and  all  initial  conditions  are  zero  (&fa)  *  fj&)  ~  £>(o)  *  fjlo) * <£>/* 

Taking  the  Laplace  transform  of  Equation  (235)  and  writing 
in  matrix  notation  gives  the  following  equation. 


tin  Sz  +(!i,S  +<{/( 
•+  fii,S  vii/ 
tin  S  z  -f  fij/S  tfo, 
t  fi*/  $ 


tin  { 2  t  ti/i 

tin  S*  fin  S  4  tfn. 


titAlS  -t-fiv-iS 


tin s 1  in 

tii}S%  +fasS  4)313 
o{yiSt  4/?i3 ,5  4jjj 
51  t-fty-iS  "f  if? j 


■?$/!+$  4  tf/f 

til -t-pivS  +  ifl? 

tins*,1  I'fctfS  4  T)y 

tiif^S1  +  ^vyi  Jri5>fi( 

The  coefficients  t  ^ 

easy  reference. 


,  and  <L'  are  tabulated  for 


(236) 
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'  he  <  At  (237) 

^ S(fMrAj-44v^  Uf*+oSi  (238) 

[  /Hi-  ^  $  £K*+&J  tfj/*  c  C L  rpo)}  (239) 

°tw:si.  I /Hi  5  ifiO'i'^")  "/A^  C.  C  (240) 

oii\~jt\_  k/,finb (fiotGo)  ~A/lyl?f/}h  (241) 

efca*^tL'T?  •+^'i  +MutiL*£>*)  rt,L'Ufi*J\  (242) 

v^*{  ( ^ ^i.s fierfAs)'!  (243) 

<A>4-jMr%  4/>v)  L  Lf*T  ij  *4.  5  (?,M)s(&&)  ¥Ah  d&&)  Uh+ffioj]  (244) 
duz/l.Mi  ft/t/n  $  i  fu*&)  -M  v  Rj.*«  £  ^  (245) 

0(i7'J2l(^?‘h/t,,f»)C^  *MirCl&*4*)c[f*>+Qt) ”1  (246) 

dil'J.2i  ^  f  4  $  Y & 7&J  +/M  yCl(&*  +*)]  (247) 

^iV^2RT  1  ^W) c(&f*)+AiS(fu+#Jj(f3*+&c,)  +M \.L\S^&)d&&)  ]  (248) 

(249) 
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°(m~*£  I  (  2  ^'^/ijcl^iirf)#)  t4ii.S  iS)t>^Q^S [fio't&)t‘/\/lvc('f)0't‘&^  c(fu>^fi)i  (251) 

+A4l  S1[$i0+&)  ^M^Cl(.i (252) 

far  ?a5s&-  [&/)(£%/&'■  £l^S&)  ^U^C&o)-'dB  Cm^a] 

'*G JCSsf/P^  5a]I C^ia (Cbt$&t+£itC£l)tds  ^a]  ( 253 ) 
fin ' /# A 3 S;^ ]_~tfjt/)  (ClSS&v  'CptC&z')  +Pf/I  $’&  +^i/» C$»]~cii  £*,]  (254) 

$/.? =  ft  V*SgJ $  fu  i" R^(^Lt^~Coa  C$,)  tp.pi  (Cpe  5&  tCinCtf*)  ~dB  C^.j  3  (255) 

- /fl 5 /)* [-/?^/j  ( ^2.8 ~C-PaC-&‘>)+'R}t'\LCba$9»  h-CiaC&^j-ds  C*,  »3  (256) 

fi»z  J/i*'&lc*ias&  -tifi8c&] 

V; w 

+  PaV»S,ji&tCA  +fyfS&jl  {nSf/t-Cuct,]  (257) 

h*  -  A  14,  SiJ'st.  IChS1»  -CubC  U]  *j'W&  Sc,  CpcZU$3fn P  *4  c3&) 

^ :a  Sc3  C-Dc  Vivci(s1f1{f  $f/e  +-J[  C  7fic  Cf/o  )  cif/e'fzJ) 

i  fi)  5c\  C-bC  ZwiCS  fspSf/c  ^  'p-^J}c  cf/p)  cLf/o~fie)  ]  (258) 
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PbVwSuJ-  Sfia\.  (-OS  sf/es"  CiQ  Cflu\  ■*■.£  I  Cl  tci  Scz(pC 

*  2  t  hi)cLfurfi£)  ft  j$a  (p.-  \/.uc  J  (s  fit,  S  tip  4  C  7fjv  £■  fit)  C  (ifr-  fz-  )"j  (259) 

f*it  ~  Pe  Vk>  $uj!3  5  fie  i  <-on  S&  ~  C  is  Cf/U^ 


1  <i  '/?*  So  Coc  Vac  l  (  $  S  fit.  4  d  3  £-io)  C  C  J,o-  fic)  ] 


(260) 


hr&alfi  *  P sKify*  C&  [CceS  f>j-CLg  C  fu\\ {261) 

fi'i’j.  '  f&  \v'S$Jf  sf/e  [CpuSfaj  ~  (-t-ti  C  -\„£  \.()  Fa  $a  (pc  Vivfj  is"  fiu  $  £  it, 

+  %C1fj0C?,t)  hfiiScyCocV^  L$*fto  S  fJt>  *-j?  C2fic  cfj).  cl  fte  “  fit,  j"]  (262) 

fij  -  fis  Ks  $e  J-  [  don  S  fit,  -  Ca  C  fit,\  *  jf2\.C.l  Fa  S3fs„  * 

+i  c  %)■  v*<*  (S%.sf»  4  c%  6  H  )d  L-  4>)  ]  (263 ) 

$3*  ~Pt  Vu/  Sb  Jf  $fit.  j  (-Pi  S  f-i,  -  Cie  C  fjo  J 


S*r£,<  V^,(s3f„  H.cX)c  (£„-  fj] 

+  P*  Vt/Saj!  1  c&v  i  F'jy  Sdi.  J  E  6‘  fs*  -£*  <j  £  ] 


(264) 


(265) 
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fia  =  f\P&\ 00  S&  [  4s  $  &”&«£&]  +Ui  fa  Sti  4<  l 4*3  Ls'l^fsU'UtM 

fa/i/ilLSs&’lfaS  %c-U,C^UifciSciCoc  V*c3CS2&*  $& 

fa'flfiMn  SfJ.6  nS?»aBd'Mt3%  5,3  V  lU  6  +  i  c  %„j\  j 

If'Uhtteo  ^  t  ^:\~p  ^ 

~tDl(~ HjcfiSfo  +PjA  £&)  *  ^ B (fa $&)  ''^flj 

hr~0 

(fj]  -o 

t)H'0 

fal'Jl  P°A$  5f/v  "Pi-ou J 

&2-//s&  [  /$-  twfL)  s’b&s]  +  f  /*  ^  1 

+4  4  ^/  Sit/  4c  tv,  $<2  //„  *4  Pci  4a  toe  Kc/  s  fii,  3  [  f?tT  to) 

+'k  Pci  4c  IV*  5 S^f^L  ~Jv4  if 
£,»  ~  "2  •£■  Pci  St2  4c  i/Vz  clto'tS)  "3  to  sCf:o~to)\ 


C_  •ntp  •v-'c;uV-V‘- 


"V  ' 


hit  ~'lJ  Pi  ->C3  Ct>£  t*Wj  [  S  2iioc(-  f/o~  fio)  -5 2  fio  &J] 

Yu  -J? fa  $a  I  Ct>HB  5  ?K>  C L^o  £ 


(276) 


(277) 


rC> 


to  +  '^fJ +fii-Sg&*]+J0c  f>A  faSsCfig] 

*\i 5o  6,  l&,  S*  S«Ck  vlo  S%  5  ft.-  £j 

)|V'  Pc~i  5(3  Cbc  Vwc J  I S2  $}6  c(f3fi  -  s  2  S  (f3c  "  &ts  Jj 

far-JfsS3  [£i>'lg  S  f3y-  CcgtQ  4’fi,^ 


^Vi.  ~  <9 


(278) 


(279) 


(280) 


(281) 


(282) 


(283) 


tav-J?  Sfj*[  Ls'-tya  tffeSs  £hj] 

^  fi.  £wl  •■jiJCi/’c,  5(j  CDc  VL,  Si  fSe  mi) 

~  Lst  fkt  $&(,“"  ft  C&6)~Vt/%  iPjify  S£c~  C(P<>') 

+f8$zl  C-l*  i’A  “/?//)  Cpu  CtPv  +#}/)  $0.  J  £*,0^  (285) 
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(f 


$2  ~j£  Cfto\.Ls,~Wn  +y*V*-)  Se£>-8~\~^  5  %6 1  ft  $a  ^  i>*3 

(ciSti  (-oc  Vtoc,  Sf/t  ^Pt-i  Set  ^bcVwct  Sx  fz*  c($fo'$u) 


+fciSs3  C-U  VwC3  S7  fio  ctSL-f*)') 


(285) 


l\'- Jl  C  f3t>  Ils"  Wa  ~<f  +  ^T*)  +fo  SeftgJ  SfitEfjg  $a  ^*3 


~2J\Cz  fez  Set  t-t>C  kWa  S*  fao  +  Pti  Set  ^tc  Vw*3  S  fte  c  ( f3e~fz*>)~\ 


(287) 


Stt-'Jcfto  [is-Wg  +  P?‘)  +  faSg  Cea]-J? SfttlfaSa  Cf>Q  3 


%.jP[  C-i  Pet  Set  C-bc  Vh /a  S1  fj03 


(288) 


If  Equations  (235)  to  (288)  are  set  equal  to  zero  and  solved 
simultaneously,  the  equilibrium  angles  (  &>  ,  f,„  ,  f3,  ,  fJo  ) 

can  be  found.  Then  using  the  quilibrium  angles  and  other 
given  characteristics  of  the  system,  djj  ,  fi/j  ,  and  X^j 
can  be  solved  for.  This  procedure  determines  the  square 
matrix  in  Equation  (236).  For  inn-trivial  solutions,  the 
determinant  of  this  matrix  is  set  equal  to  zero  and  an  eighth 
order  characteristic  equation  is  formed.  In  general,  the 
characteristic  equation  has  the  following  form; 

Ao  -Mi S +/).»$ ••  •+  A% S8  ” 0  ^289 

The  roots  of  Equation  (289)  are, in  general,  four  sets  of 
complex  conjugates.  From  these  roots,  natural  frequencies 
and  damping  characteristics  of  the  system  can  be  investigated. 
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SECTION  V.  GENERALISED  FORCES  IN  LATERAL  PLANE 

1.  General 

The  generalized  forces  can  be  written  as: 

*M;  (290) 

where  ft  -  W  j  <f  , 

Mi  -  aerodynamic  moment  acting  on  balloon 
Fj  =  applied  forces  acting  on  system 
V6  =  velocity  of  system  at  point  of  applied  force 

The  applied  forces  acting  on  the  system  are: 


F,  = 

%  = 
K  = 


h 

% 


buoyant  force  acting  on  balloon  at  C.B. 

gravitational  force  acting  on  balloon  at  c.g. 

aerodynamic  force  acting  on  balloon  at  some 
reference  point  C,A. 

aerodynamic  force  acting  at  c.p.  of  "i"th  link 

gravitational  force  acting  at  c.g.  of  "i"  tft  link 

gravitational  and  aerodynamic  force  of  payload 
acting  at  PN> 


The  applied  forces  acting  on  the  balloon  are  shown  in  Figure  59, 


(291) 


"-W.  Wj 

-A  ^ 

</i~F bs /)  Ni 


(292) 


(293) 
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The  velocities  of  the  points  at  which  these  forces  are  acting  are: 

VR  -jf  £■  l'  *  l  Le  (-  if  CBo  C<j>)  +4>f]  Tb 

>-/  ' 


VyJY'  vj  £  + 1  ca* c 4)  -  (- iy  ie.  i$)\2e 

^  ^  fljkf  S<j>  C&T\Jcb  (295) 

Vfl  *1  f  °?  l:  ft  RiA  i-fCA  c+)  -  Jti,A  (-4  SA  To 

A~1 

t-Lfa  (vs  fc£?TJe  +\rRjJ'r  s4  c&j]Ma  (296) 


where  are  distances  from  the  C.B,  to  the  bridle 

. — *  .  >. 

apex  point  measured  along  the  body  axes  j.s  and  Js0  ,  ^}<y' 

'  RjA  1  Run  have  similar  definitions, 


It  then  follows: 


^  =  [  fy,  (- t&tiY Ru(-sejj\7a  AKms (stc&jlj,  ^jg^cajllg 
i}\  --  (stC£>.)\jBt[-Rj2  (sjcTjj?, 

dr 

S  =  [  Rj„  (-  ce>,  c4>)  -ttu  (-  sc,%le  f  l Sjc&j)  je  I  c  e.^].Lt 

df 

i8.r-^.K 

H 


(297) 


(298) 


(299) 


(300) 
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#  -l-«*lr. 

(301) 

(302) 

i&  ,jT: 

(303) 

ofc 

>£  ~„j>t 

(304) 

?fo 

?3  9Jt 

(305) 

Applying  Equation  (290)  to  find  Fy  and  : 


?**?,•  &  >h°'S 

dy  ?y' 

*  ^ 

f  M^q 

(306) 

F^Z'S +Fr2g 

2<f> 

r  ‘ 

2j 

T  Sttjg 

(307) 

Expanding  Equation  (306) 

F+ '  L${hy6  (-  c&  C<j)  -fag  (-  Sfcj]  [-S4  C&l  *  (s  [-/?;/ S^)][c^]j 

Uac^/h^  Z1  S  ^Jl]  [-5  6  ^  c  ^  5 

+f'^>  (s</>Cfr)]l-C<Ps&S<f'tS4,CV']}h/l/i*/  (308) 

Expanding  Equation  (307)! 
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6  -  Ls  { I-  h  s][- sice.]] -  We  1  i-&,]  i-  si ca]  } 
+FK„ll-/tM,]Uise.s'f*c4ctt')}  *41+! 


(309) 


The  forces  acting  on  the  links  are; 


Ki  ' 


(310) 


ft*  --'WsfNs 


(311) 


F&  '  Dcsx  £  (fi  L‘ 


(312) 


In  Equation  (310)  the  drag  force  on  the  payload  is  ignored. 
The  factor  cos 2  fin  in  Equation  (312)  takes  into  account  the 
projected  area  in  the  lateral  direction  and  then  rotates  the 
lateral  drag  component  into  the  direction  normal  to  &  . 

Shear  forces  are  neglected.  The  velocities  of  the  points  at 
which  these  forces  act  are: 


-a  ji  — > 

vfL  -Jin 


(313) 


V-v*'*/! ift 

f=/  '  ' 

<Tf- 1-  +J  C;  <b  i: 


where  CA-  is  the  ratio  of  the  distance  from  £•-/  to  the 
c.p.  of  the  ;,i"  th  link  to  the  total  length  of  the  link« 

From  Equations  (313) ,  (314)  and  (315)  it  follows: 


(314) 


(315) 


(316) 
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(317) 


'if; 

.  .  \ 
-7 

= 

ui 

# 

•A  V. 

dh 

( 

6 

.7  v 

ri£ 

/l<^’  ' 

icjl 

A 

2k 

0 

A  ?/«’  , 

Applying  Equation  (290)  to  find  : 

G'/i 


Simplifying  Equation  (319J: 


-  LsJ[-S<z,  $&„]-%  Jl-s<x  St,] 

-  4*tn  [-s«;  $  fAa 1  “  ^  1"  so;;  5 1„  1 

-  f  /W^J!  l -SGn  $  tj  f-  Dcs^C^cft  /  C. 

r%  bcu  c\:j[co;ClTn  *■  $r-C%0  S^Cf,c-r5o:S't,  $£  $  tJ\ 

Xfn-ti 

Assuming  N  =  3,  the  generalized  force  for  each  link  is: 


(318) 


(319) 


(320) 
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&  "U,-  *  ¥0*1  f[ 


4  h<s*\ \JL ?<n  (c<r>  c<r,  *-s<r,c  f3o  s  arc &  *•  s<ra  s  t Sff7 S&  J 
f  [^sj] \4cxo; Ufico:  +  so] c  lic +  sc/j  $  f}6 sn  s &j] 
‘-[is-^a'l^n4  F$<»  1 U> t d  4 OcS JLfocW] 

+  t  I>«j]  L^V?  icojCff!  tSJJ  cfs,SGC  f2o  hSjJS'fj,  SK  S  Ol 
f'q '  iLr  -  C/^Pi  *  s<%  $  &1 

+lf:*s/)l[Jc(rj]  +lOcS3)[J^c2(rf~\ 


2,  Aerodynamics 

The  side  force  is  defined  as: 


The  aerodynamic  yaw  moment  acting  on  the  balloon  is: 


The  aerodynamic  roll  moment  acting  on  the  balloon  is : 
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(321) 


(322) 


(323) 


(324) 


(325) 


(326) 


(327) 


The  terms  are  aerodynamic  drags  acting  on  the  "i"  th 

link  in  the  side  direction . 

tics*  ~  2  /c*[  Vu  ]  $<u  5  Vci  ~  /£*•  I hi  XtA- 

where  X«.v  and  Pci  are  t^ie  side  velocity  and  effective 
flight  path  angle  of  the  C.P.  of  the  "i"t;h  link  in  the 
horizontal  plane. 

3.  Translational  Dynamics 

a.  Tether  Dynamics 

The  following  equations  define  the  linear  displacements 
and  velocities  of  the  c.p,  of  the  "r"  th  link 


^  :  i[  S(T 
*=/ 

(328) 

It*  =  l  -  U  i  CK  c  &0 

(329) 

ltA  =  ^  I  c <c:  J  <-  a  i  ££*  $  $a0 

AS! 

(330) 

« 

Xc»=  Jl  £■  COZ  i-uJ-fctOZ 

Vs/ 

(331) 

Kv>  sJ  1  <rA>  s<qcU  •#*  c,Jk  so*  c  U 
.«■=/ 

(332) 

.  A-/ 

- -Jl  h  sa;  5 4  -  c  f:fc$KSt, 

(333) 

b.  Payload  Dynamics 

Xn  = 22  $<c 


133 


(335) 


l 


N 

“Z  C&„ 

*-! 

»■ 

2n--J.Z  c<Q%tc 

AS~t 

*TU~'  jf  Oj  C{£ 

*a/ 

y,t  -/i  t-  scrcf^ 

a'~I 

*«•  '--11  K-  so?  s  t, 

A~f 


(33  6) 

(337) 

(338) 

(339) 


c.  Balloon  Dynamics 
' Xeu  -  ( Rtf  jd  tR^Ts  )  ’N, 

X'--Xn-fttf  (CO.  (-Cjs&Sij'  l-StLp) 

V  V«  "  (  Rtf  fa  +  i„) 

%z  Y ti-Rtf  IcAur)-  (~c4>s6*c<}-$<l$ii>) 

Zb-  ~2n  ~  (tjf  j.s  +  R^ 

~Z»z  2,i  -  ic4>ct?,) 

Xs-'Xn-Rtf  Uc&Lt) ~RJ(9  lfsfc0.W-VC4>s&cy+j>c4cir-j>$tw) 


(340) 

(341) 

* 

(342) 

(343) 

(344) 

(345) 

(34  6) 
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(347) 


fa'#*  (c&af\ 

V<r  Vhfy$  (-ists&£?-ipc4sAsy'*i’£4stni'S4cQ') 

%  s  >k  (c&sv)+#jtf  Isjoj'-tfo&sv)] +$&£ i  fc4^-s4s&<^)] 

2f  =  *-$  [  $iq  l$$ 


(348) 


(349) 


(350) 


4.  Wind  Velocity 

A  steady  state  wind  profile  is  assumed  to  be  a  function 

*■«> 

of  altitude  and  acts  in  the  - /V,  direction  only.  This  wind 
establishes  the  equilibrium  condition  in  the  longitudinal 
plane.  A  side  gust  in  the  X  Z  plane  may  be  applied  at  any 
angle.  Referring  to  Figure  63,.  the  effective  free  stream 
velocity  for  the  balloon  is  found  in  the  following  manner,. 


v 


Figure  63-  oteady  State  Wind  and  Gust  Acting  on  Balloon  in  Lateral 

Plane 


The  components  of  the  gust  in  the  vertical  and  side  directions 
respectively  are : 


=  V^.  5 

(351) 

-  Vf  Cdfy 

(352) 

The  vertical,  horizontal,  and  side  velocities 

relative  to  the  free  stream  are: 

of  the  balloon 

=  Xb  “  V^-i 

(353) 

y»k  ~  y b  Vto 

(354) 

~Zm  ~  Z?8  “ 

(355) 

The  relative  velocity,  dynamic  pressure,  lateral  plane 
flight  path  angle,  and  sideslip  angle  are: 


-f=  {f- P» 


.  z  *  i  *i  '/j 

+  4e  +  ?8/r  ] 

(356) 

,  j 

(357) 

*K 

[*•*/ y.»] 

(358) 

(359) 

The  drag  on  the  payload  will  be  neglected. 
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The  relative  velocity  at  the  c.p.  of  the  "i"  -h  link  is 
assumed  to  be  the  effective  wind  velocity  over  the  whole  link 
for  purposes  of  calculating  side  drag  on  the  link.  The  c.p. 
is  located  by  finding  the  dynamic  pressure  at  the  bottom  and 
top  hinge  points  of  the  link  and  assuming  a  linear  distribution 
of  dynamic  pressure  over  the  whole  link.  The  procedure  is 
similar  to  the  longitudinal  case  shown  in  Figure  62.  The 
dynamic  pressure  at  a  hinge  point  due  to  a  relative 
velocity  of  the  hinge  is: 


The  centroid  of  the  trapezoidal  distribution  of  force  acting  on 
the  "r"  th  link  divided  by  the  vertical  length  of  a  link 
(Jl  sin  costfT  )is: 


0.  fhMi 

,+  f/tAli  . 


(361) 
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SECTION  VI 


LINEARIZED  EQUATIONS  OF  MOTION  IN  LATERAL  PLANE 

1.  General 

In  order  to  separate  the  inertia  terms  in  the  equation  of 
motion/  it  was  assumed  that  the  yaw  angles  of  the  links  and  the 
yaw  and  roll  angles  of  the  balloon  were  small  and  that  all 
angular  rates  were  small.  However,  the  pitch  angles  of  the 
links  and  the  pitch  angle  of  the  balloon  have  a  finite  value 
in  equilibrium  (  ,  Q.  ) .  When  working  with  the  lateral 

equations  it  is  necessary  to  hold  all  pitch  angles  constant 
when  linearizing  the  equations  of  motion.  The  other  variables 
are  perturbed  as  follows: 


‘MV' 

y  * 

*  -  S  / 

Vi 

,  (362) 

h  :oo: 

K-Vt 

) 

2.  Inertia 

Terms 

i 

Equations  (124)  to  (128)  are  the  equations  of  motion  to 
be  linearized.  The  inertia  terms  are  already  in  a  linearized 
form  but  will  be  rewritten  for  completeness.  Note,  the  $ 
symbol  is  dropped  for  ease  of  writing. 

{ If,  CJ  A  *1„  S  V.  -J  ,«  SJA  +/M,  (fa*  S  A  -ftj* 

+  C&4“Jyg  ~~  fa*S0i)j  ^ 

A-ltiAfa*  sa  ceFShr,  +  \jt/ds  [ fa*  s&  -tj*  m,] '( r, 

-F*  <363) 
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/  -Zj'Jd  C&e~  lyg  S&  t/Hy  (Rjm  ~Rjtm  $&)]  ¥ 

* I  It,  *Ms  hilt  *•!  hJl  r, 

*  {-1/iU  tj.„  J  a;  -Ft 

{JLisihm  s e.  ce>.]] ¥  +  i-J/'h  kiJ  "<f 

+U‘l  ^  +/Ww  -Mis list  f  +/mfL  +Ms]}% 

tl/If  +'*>«  */MsV%  =  £ 
fM  [>*,„  se.  ce.}'l  ¥  <■  \-iMy  &.„}  4 
^7”!  "r  ^  Mfs]]  it  +  I/'It 
tiy’ff  '  •'»»„  f  */]  J  -  />; 

/i4t  [  S  ft  -  g}„  ce.  ]]  ¥  +{ -I  Mi  Xju.  1  * 

1-U‘lf  <•/««  +{/,Lir  »t 

♦  {/‘It  %  *  Fc 


(364) 


(365) 


(366) 


(367) 
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3.  Generalized  Forces 


Equations  (363)  to  (367)  give  the  coefficients  of  the 
second  derivatives.  To  find  the  coefficients  of  the  first 
derivatives  and  the  dependent  variables,  the  generalized 
forces  l  Fy,  ,  t  Fr  )  must  be  expanded.  First  linearize 
Equation  (308), 


fssa  { [-  l&o]  +fa/)[s0*l}  +/yiw  (368) 

The  variables  and  must  be  linearized.  From 

Equation  (324)  and  (347): 

s.K*  ^ it) *  f  cnlt) * 

+ii +ffj)  ?  )i>]/V>t]  <369> 


where  Vgg  s  H  (370) 

•  i  ♦  i 

If  the  gust  velocity  is  zero,  X**  =  i  ^  =  O . 

Also  %  ~  0. 

Therefore  V*  =  VC  (371) 

Rewriting  Equation  (369) 


From  Equation  (325),  the  linearized  form  of  (ffag  is 


HA  vi  w,  (s  » ♦[*.,  (t  j +  «- 

"fait)  +cv('$?)]**H  11  ^  ^  ^ (373) 

In  like  manner  Equation  (326)  is  also  linearized  to  give 

M*  H?>  vjs.y.  f  C#,  ?  'f  <4  ( tj  <4  — )]  <r 


*  (kJJ  " ^('%j)^l^ 0*7 *<5  f"j]j 


(374) 


Substituting  Equations  (372)  and  (373)  into  (368)  gives  the 
linearized  form  fa  . 

/> 5  i  £  Vw  faf fa  c*' '  **  1  * 

^PeVw^iWCy^di}  +  fav  f" c&-  *fay  5&j][“/?y/;  C&„  +  fas 

+  dele ^  dn  ¥  Cv  l~faf  C9o  t  h'(  SA)]}  V' 

+  2  PbVwSu  {  L  C/j,  &a  *  fa\v  faf  )]^/i  &s>  dj,/;  5<?J  'rds\fa^de  jjjd 

+4  £ V*$3i/t  f-fy*  c&,  t  fa„^)  *  UJ*\]  r 

+  -2  /rfVW  $&/  { 1  (~  Rjfl  (.6c,  f  4  Cw^^]I 


r  ?-  £  Vw-hJ.'l  L  ^^3/»  <■<%*- fas  Sfjh  far 


(375) 
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Next  linearize  Equation  (309) » 


f(f> s  Lsfftj'S  $  f  6s/>/'&/3  ^0*}  + 

Substituting  Equations  (372)  and  (374)  into  (376)  gives  the 
linearized  form  of  . 

■  2*  4  VC  f  ^  ["&*  5  a]  +  ^  <4  J  V' 

i  C9t  \  is  -  W*  ftjpjtf’ 

HWvSj  [Cy  yds  *  ~)v  ("  ^  S  &Jl  Pji/t  J 

+d8\  +  Q*(*"^f*  £  f  $<&)]}  y 

*i  4iW  tfv>4  ♦<*H*  SH&.SAMIV. ♦  c*Mi  ®* 

f-k/,av*sej{'yj-h/tsai  *c^ci,})-, 

*"4  ^8  W/S»^  {  "*■  <-xv ^6  j  G~i 

/s^S«/l  £y„[-  tj,n  5*1  +  <r3  (377) 

Linearizing  the  generalized  force  on  the  first  links  gives*. 

=  +  )fr It’ ^  5 +  6m £ 

+  bcsjJt  (378) 
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(379) 


Where!  Den  ?  (c<  Sru  £»< 

vu  *  ^>)2  +  *«  *  *  id  3 /j 

Neglecting  2nd  order  terms  in  Equation  (380 )  ,Vci  is  written: 

Vci4v^  <-j\ u  L  l'/j 

Substituting  Equation  (381)  into  (379)  gives: 

bc$.t  "  "5"  /o'  ScJ  ^wc.t  Xa 
* 

where  Xa  is  given  by  Equation  (331) 

Xc;  (h  ■+  Cj,  J  £ 

jn  ' 

Substituting  Equation  (383)  into  (382)  yields: 


Dcm  '  “  i  Pd  Sc,  C>c  i Uc,  J  Cj  OJ 

Dess  ~  pt2  Sc 2  (-DC  Vive*  M-  i  07  r  c3  <7?  J 

besi  '  Pc  i  Sc3  f-i>C  Vii'K.3  J-  i  07  f  V*  r  0S  J 

The  final  linearized  form  of  FL  is  ‘ 

F„  \ChItJ,-  *  j  iws  -I-S  *  Lm„  -  s-f)7\  I  Js£.]]pt 

W if, %•>,! [ C,.  J, ,  4,  (-  , gt}  s A)] j  if- 

+  \k*r, v»uslcHdt  *cu c-hjiii 

+  {  2  ft  V»S.J2crtr  P, 5«  c,c  Vvc.jTc,  2 
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(380) 

(381) 

(382) 

(383) 

(384) 

(385) 

(386) 


“"S  Pa  { t>C  \Jwci  J7  ~  h.  (c~i  $e1  ^0c  i  ^7 

+ilfiVwSsJ*£u -£  A,  Sc  c*  V**,J*Ci  -4/S,&»<*  Vwa/'lh 

+  J /{vSeM  4  Pc 3  $£j  Pvc  Vu/t^jP  & 7 


(387) 


For  the  second  link: 


f>a  *=1  +fass,l/ 

Pi  *]?***. 1-^ 


(388) 


Substituting  Equations  (372),  (385)  and  (386)  into  (388)  gives: 


f>4 '  *i  zPtl/io  F>ijP.Cy^]  y  +  */  [  Wo  -  is  t  (cWfi  \~J!  »o\oz 

*jj2  P‘$  r  ^y^,  ^  ("  Pj‘j  £&*■  4'P*t  S&f)  }  *P 

PbVw^z  Jl\  P'jp  de  +  (-it,  (~Pjrf)]^  4* 

fj’k/a  14/  SbJ.  1  '  *2  Pit  Scj  Cdc  Vvutj?  Pi~"k  Pi  $C}  £>C  Vtocd  j 

414,5* jCCy  'kPct  So £oc \/*ci  J!  *4  ~i  PaSci^DcV^a/  \fc 


H  Pe  14/  w  *4r  4  4 »  ^  v*.*/ J^}  ^ 


(389) 


144 


For  the  third  link: 


~[  U^Wt,  />’W  *  T?)  fu]  °i  +1^]  J!  *  [&CS3  ]  1  Ci 

Substituting  Equations  (372)  and  (386)  into  (390)  yields: 

Fr>  ■■  \L>Pt  V»  hi Chh  A [ wt  - Ls  *t *>„  5 3 [  Js  f* ]  i <r, 

*  Pn  5,/  I  y£s  I  Cyv  L~  Rjij  CBu  +  Pjty  'P 

A^i  PtVu dtj[  Cy±  dt  I-  Cy„  t- by)]]  t 

A  U  Vw!>tllCu  - i  Pa  S£3 U  V»a/ ‘C,)b 

A "2  Pi PiyStd*  Pa  hi  \lit/cirP  C-i)  b. 

AiP«V«5t/2cu  "i  PaSc,  U  VmJPcfih 


4.  Characteristic  Equation 

Equations  (363)  to  (367)  in  conjunction  with  Equation 
(375),  (377),  (387),  (389),  and  (391)  form  a  set  of  five 
simultaneous  differential  equations  of  the  following  form: 


+c<h  i'  *-*<*)  v~,  r  o~>  t-c^y  Crj  +  y  t  jl,  f  ih 

h  *-&fh  <■  Kr  *-fcx4’  +hi*7  b aj 

X  >  A  v,  \  y,  r 


(390) 


(391) 


(392) 
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If  the  initial  conditions  are  all  zero  (  Wlo)  = 

lo)  -  ylo)  =  4  b)  -  <%(o)  ~  O  )  '  the  equations 

(392)  are  easily  Laplace  transformed.  In  matrix  notation  they 


can  be  written  as  follows: 


+012$  +  ^/a. 


cK) 3  Strp)iS  tfa 


^i/Sl  +lb,$ 


otiz  i1  J  +•  taa 


d})ir 


c^liS1  h%3i 


djhS1  i-fia  5  i-fa 


^v/31 


e^S1  $  t/va 


tis-i  S'  S  +fa 


dn$z  ?3  S 


dri  -)1  +-ftn  $ 


faS2+fa$-hfa  c(/sS fafoSffa  f  tti)  |  O 

rfatfS  +^v  dis-S1  tfafS  ffcr  $/S)  & 

eiitfSxrf„ s+yw  <*iyS'ltf.rs+'fa  <  r,br  s  j  o 

Aw  Sl  4- Aw  S  ■)■¥*/  *"&£.  I  #z(j)  j  O 

tisyS1 -i-psyS +fa  tfs?S7't-PrfS +fos  /  CTj/sJ J  ^  > 

The  coefficients  4.,  ,  #. .  r  £,•  •»  are  tabulated  for 

*;  V 

easy  reference. 

*  7ze  C  &t>  -t^yo  5 '&>  "  1  Yit  S2^,  -tAf^  liljc-*n  S&»~ t&o) 


(393) 


(394) 


o(/j  s  -2y^a  ~Iy«  S<&  *MskA ^  (£***  S^l 


(395) 


dn'J./Hs  ( Rjt^  C&>) 


(396) 
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o (;v  =  iMs  (fa*  **  **0 

(397) 

*>S'JLMs  ( fa*  $&.  -  ^  CtfJ 

(398) 

<^i/  ~lyio  C9o~1y%  fa*.  ( l?j*  £~&e  "  58°) 

(399) 

<^22:  Iyg  fa/yn 

(400) 

rizj-  -JIM*  fa* 

(401) 

ckzti  -  -JlAls  fa* 

(402) 

^2r  '  /Ws  fljistn 

(403) 

<kv-l  Als  (  fa*  SA  "  fy*.  C& ) 

(404) 

tin-  M a  fa  An 

« 

(405) 

<kn--JLx[  ljf  ■*■ +^/s) 

(406) 

^  Jv  (  ~T  *  't/Ws) 

(407) 

oi3^J2(f  +/V1Pl  +  A  j 

(408) 

turlAhlfa*  SA- 

(409) 
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-  -J-Ms 

(410) 

(411) 

c<vy  :J?  (  *T  +  +^s) 

(412) 

*k*JLx[*t  * '"'k+Mx) 

(413) 

d STJ  $£,  -  Rj/n.  C&o) 

(414) 

del  -  ~JLMi  fa** 

(415) 

+*«*  +^s) 

(416) 

(417) 

*r x’jH  X  +/>* Pt  +4U) 

* 

(418) 

fi/>  ’  J  fe  V*$t {j^ty  da  f  (~RfiC&t  +-4 fSBc  )}]:Zjt £■&*  *  R_iflS/9^\ 

^>[c^  d*  *  C,„  (-  K}t  C6>,  t  s&j\] 

(419) 

'  j  "  ^yv  )(~ ftj/>Cfo* Rj/i S&)*de(C^de-C„* 

4?* 

to 

O 

Aj  “  j  4  Kw  5$  Jl  [  /■  4/9  *  Raq  3 a)  +  ^'v ^ "] 

(421) 

A*  s  Pb  K  W  [  c‘  v*  (•  Pjfi  £  A  +  fo,  J  Aj  +  C*  ]  (422) 

fl/r  ~  ~2  Pb  8 J-  E  ^ *  P&fl  $&*)  *  d B 3  (423) 

A/  ~  ~j  Pg  Kv/S'tf  J I  ^yv>  4?/ff  f  4*-  £■  Pj.q  5&j] L~Pj,/i  s&»] 

+  d &\_  Pjl  ^  cl  a  +  ("  R  j<j  (424) 

pa  '  Pg  Vio  S,q  [  (  Cy^  da  ~  R^q  )(~ SdP)  ^bICj^b"  £ j>, 'v  Pj*?  )  \  (425) 
hi  ’  ~2  AKr-ci  I  Cy^  (-  Pjt/)  SfiJ)  *  4V  (426 ) 

A*  '  ~  J  Pn  V»  SZJ  l  (“  Pj.fi  vC^da]  (427) 

Af 5  -  i  A  K,  s«i  1 4.  (- &*  s  Aj  4  tju  dB\  (428) 

Ai  -■  ”i  AKSaii/y^e  +  Cv*(-P.jt  S&J]  (429) 

fill  '  ~~?.  AVv5j^[  4^  d q  ~  Cy^  ~\  (430) 

$3j  “  "^.Pe^wSi^Cy  fci  Sf  LpcV urn  J.  C/L  +4  PczSejf-ttc  Vwc-j  £ 

}  (431) 

f4& 

(432) 

#3y(  -  "kP&i/yA  nJP'Cy^  4^/£*S«4*VW %jLnCj  *'i  ftfScs  4<  Vv,£i.l 


hr  '  ~^-PfiV»!>iiJll  Cyv  Pa  Scj  Ct>c  V*ci.£  £} 


(433) 


A/  =  ’  3F  4  !4  I  ^5  f  A*,  ("  ^  +  faq  S &J\  (434 ) 

Aa  '  ~2  fiM/SBJ[£yjdp  ~  Cy„  ftj,cf~\  (435) 

Ai  '  '"'sPe  Vw$b^ I 6*^]  ^  6c  |/Wa  Jt*c,  +i  ta  sa  CK  Zwa  /*  (436) 

Av  ■  ”4  /J  16 3,4  4./]  *A  6c  14,,/V  ^  &  6>  6c  Z»n/Z  (437) 


A*r  '""-5  PsV^StJl  Cyj)  +i%3 5,3  C0c  l/w 3  /  Vi  (438) 

Kt'-  '‘if)BVWS6JlCy^C/B  +  CyJ-R.y  C&'  +  ftjtq  $&)]  (439) 

&■*  5  "4  Pb  K  W  f  ~  ^  At?  ]  (440) 

^si  '  ’"4  Pb^h/^b^Y  Pcj^Ctc  V wa^Ci  (441) 

» 

&V  '  ”"4  ^ j  Vi«/  $8-^  [  Ly/v^]  *a.  Sci  6c  (442) 


A**  '  "2  P/pJw^tid.  j.  ^Yy/3  PcjSc.3,  Cdc  l/k'C}^2£* 

A '  4  A  Vw/  Sa  [ Cyy  ["Rjfl  ££*+11^  $&c )  +  Cm^c?6  j 
5  (F)}  s  fcy  •=  ^/J-  -  O 

fci  i  Pb  V\ l  h  1 4>  A  kj^fl  $ &)  h  db\ 


(443) 

(444) 


(445) 

(446) 
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hi  -■  (  WB  -  Ls  Rao)  C6\ 

¥ 22  ~  ¥]y  -  (fjj-  -Q 
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(447) 

(448) 

(449) 

(450) 

(451) 

(452) 

(453) 

(454) 

(455) 

(456) 

(457) 

(458) 

(459) 
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The  equilibrium  angles  ,  to  are  found  from  the  longitudinal 
stability  analysis  using  Equations  (285)  to  (288).. 

In  a  manner  similar  to  the  longitudinal  equations  a  tenth  order 
characteristic  equation  is  formed.  The  roots  of  this  character¬ 
istic  equation  give  stability  information  about  the  system  in 
the  lateral  degrees  of  freedom. 
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APPENDIX  B 


COMPUTER  PROGRAM 
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COMPUTER  PROGRAM  NOMENCLATURE 

The  following  is  a  list  of  variables  used  in  the  computer 
programs  with  a  brief  description  of  each.  The  notation  is 
displayed  in  two  forms; 

(1)  as  it  appears  in  the  computer  programs 

(2)  as  used  throughout  the  discussion  of  this  report. 

Some  of  the  variables  in  the  computer  programs  are  simply 
combinations  of  other  variables  or  dummy  variables;  these 
are  not  defined  in  the  nomenclature.  Also,  there  are  many 
variables  used  in  the  report  that  are  defined  when  intro¬ 
duced,  and  are  not  included  in  the  nomenclature.  It  should 
also  be  noted  that  some  dimensioned  variables  appear  in  both 
computer  programs  but,  because  of  the  different  number  of 
equations  involved,  they  are  dimensioned  differently  in  the 
two  programs. 
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Fortran 


Standard 


Description 


Units 


A (5, 5, il) 

A  triply-dimensioned  array 
which  contains  the  matrix  to 
be  evaluated 

AALP (5,5) 

Coefficients  of  second  de¬ 
rivatives  in  linear  equa¬ 
tions  of  motion 

slug-ft2 

AALPA ( 8 ) 

Angle-of-attack  array  used 
for  interpolation  of 
balloon 1 s  aerodynamic 
coefficients 

rad 

AALPD ( 8 ) 

Angle-of-attack  array  used 
for  interpolation  of 
balloon's  aerodynamic 
coefficients 

deg 

AALT ( 8 ) 

Altitude  array  used  for 
interpolation  of  wind  velocity 

ft 

ALP 

cx. 

Balloon  angle-of-attack 

rad 

ALPSL 

Ratio  of  two  angle-of-attack 
differences  used  for  inter¬ 
polation  of  balloon  aero¬ 
dynamic  coefficients 

ALTSL 

Ratio  of  two  altitude  dif¬ 
ferences  used  for  inter¬ 
polation  of  wind  velocity 

BBET (5,5) 

A: 

Coefficients  of  first  deri¬ 
vatives  in  linear  equations 
of  motion 

slug-ft*-/ 

sec 

C(3) 

ci 

Non-dimensional  center-of- 
pressure  of  "i"th  link 

CCDB ( 8 ) 

Balloon  drag  coefficient 
array  corresponding  to  AALPD (8) 

CCLB ( 8 ) 

Balloon  lift  coefficient 
array  corresponding  to  AALPD (8) 

CCMB { 8 ) 


Balloon  moment  coefficient 
array  corresponding  to  AALPD (8) 


i 


Fortran 

Standard 

Description 

Units 

CDAB 

Cd04B 

^  CDB 

Z0< 

rad-1 

CDTDB 

Cd0B 

Balloon  drag  coefficient 
due  to  pitch  velocity 

rad-1 

CDB 

CDB 

Balloon  drag  coefficient 
at  "otT“ 

CDC 

CDC 

Tether  drag  coefficient 

CDCl 

CDCl 

Constant  used  to  correct 
balloon  drag  coefficient 
for  different  size  tails 

CDC  2 

CDC2 

Constant  used  to  correct 
balloon  drag  coefficient 
for  different  size  tails 

CLAB 

Clc*b 

*CLB 

d(X 

rad-1 

CLTDB 

C^B 

Balloon  lift  coefficient 
due  to  pitch  velocity 

rad-1 

CLB 

rLB 

Balloon  lift  coefficient 
at  "otT" 

CLC 

CLC 

Constant  used  to  correct 
baxloon  lift  coefficient 
for  different  size  tails 

CLPHDB 

Cp. 

*'0B 

Balloon  rolling  moment 
coefficient  due  to  rolling 
velocity 

rad-1 

CLPSB 

cf 

* 

Balloon  rolling  moment 
coefficient  due  to  yaw 
angle 

rad-1 

CLPSDB 

C^B 

Balloon  rolling  moment 
coefficient  due  to  yaw 
velocity 

,-l 

raa 

CLVB 

%B 

Balloon  rolling  moment 
coefficient  due  to 
lateral  velocity 

CMAB 

Cn,aB 

dcmB 

3cx. 

rad-1 

156 


Fortran 

Standard 

Description 

Units 

CMTDB 

Cm 

Balloon  pitching  moment 
coefficient  due  to  pitching 
velocity 

rad"1 

CMB 

CmB 

Balloon  pitching  moment 
coefficient  at  "  c<T" 

CMC 

CmC 

Constant  used  to  correct 
balloon  pitching  moment 
coefficient  for  different 
tail  sizes 

CNPHDB 

°n^B 

Balloon  yawing  moment 
coefficient  due  to  rolling 
velocity 

rad"1 

CNPSB 

Cn^B 

Balloon  yawing  moment 
coefficient  due  to  yaw  angle 

rad-1 

CNPSDB 

C  , 

Balloon  yawing  moment 
coefficient  due  to  yawing 
velocity 

rad"1 

CNVB 

c 

VB 

Balloon  yawing  moment 
coefficient  due  to  lateral 
velocity 

COE  (11) 

Array  of  coefficients  of 
characteristic  equation 
in  ascending  order  of  variable 

• 

COEF(ll) 

Array  of  coefficients  of 
characteristic  equation  in 
descending  order  of  variable 

COMl(lO) 

Input  array  designating  title 
of  computer  run 

CTHEO 

C© 

o 

cos  9 

o 

CTHE02 

c2®o 

2  n 

cos  9 

o 

CTPX ( 3 ) 

co+f^ 

cos  (9  + 

CTPX2 ( 3 ) 

c2(S+f.) 

cos2  (9  +  {v) 

CX(3) 

cfi 

cos 

CXMX (3,3) 

cos  (  -  f  > 

wH 


Fortran 

Standard 

Description 

Units 

CYPHDB 

C^B 

Balloon  side  force  co¬ 
efficient  due  to  rolling 
velocity 

rad-1 

CYPSB 

C>B 

Balloon  side  force  co¬ 
efficient  due  to  yaw  angle 

rad-1 

CYPSDB 

Sb 

Balloon  side  force  co¬ 
efficient  due  to  yawing 
velocity 

rad  x 

CYVB 

\b 

Balloon  side  force  co¬ 
efficient  due  to  lateral 
velocity 

DAM RAT (8) 

•H 

Kjt) 

Damping  ratio  of  "i"th  mode 

DB 

dB 

Aerodynamic  reference  , 
length  of  balloon  (V1' J) 

ft 

DC 

dc 

Diameter  of  Tether 

ft 

DYPRB 

qB 

Dynamic  pressure  on 
balloon 

lbf/ft2 

DYPRH ( 4 ) 

qHi 

Dynamic  pressure  at  "i" th 
hinge 

lb-£/  ft2 

EPS 

A  small  number  used  to 
test  for  zero 

F 

Any  one  of  the  four  non¬ 
linear  longitudinal  equa¬ 
tions  that  must  be  solved 
simultaneously 

ft-lbf 

FREQD ( 8 ) 

CO,. 

di 

Damped  frequency  of 
"i"th  mode 

rad/sec 

FREQN (8) 

£ 

S3 

H- 

Natural  frequency  of 
"i"th  mode 

rad/sec 

G 

g 

Acceleration  of  gravity 
at  sea  level 

ft/sec2 

GGAM (5,5) 

Coefficients  of  gener¬ 
alized  variables  in 
line  ar  equations  of  motion 

slug-ft 

sec2 
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Fortran 


Standard 


Description 


Units 


666(8,8) 


6.  . 

ID 


Elements  of  square  matrix 
used  to  find  normal  modes 


HHH ( 8 )  H. 


Elements  of  column  matrix 
used  to  find  normal  modes 


IER 


IERR 


IERSW 


ISW('8) 


IXB 

IXB 

IYB 

XYS 

IYZB 

^YZB 

IZB 

IZB 

KK 

L 

l 

LS 

Ls 

M 

m 

MAL 


Variable  checked  to  see  if 
solution  has  been  found  to 
simultaneous  nonlinear  equations 


Variable  checked  to  see  if 
all  the  roots  ot  the  character¬ 
istic  equations  have  been 
found 


Variable  checked  to  see  if 
solution  has  been  found  for 
a  set  of  linear  algebraic 
equations 

Array  defining  the  validity 
of  the  roots  of  the  charac¬ 
teristic  equation 

Pitch  moment  of  inertia 
of  balloon 

Roll  moment  of  inertia 
of  balloon 

Product  of  inertia  with 
respect  to  the  roll  and  yaw 
body  axes  of  the  balloon 

Yaw  moment  of  inertia  of 
balloon 


2 

slug-ft 

• ,  _  2 
slug-ft 

slug-ft^ 


slug-ft" 


Variable  used  to  specify 
first,  second,  or  third 
call  to  SYSTEM  subroutine 

Length  of  one  link  ft 

Balloon's  static  lift,  lb^ 

weight  of  displaced  air 

Mass  of  one  link  slugs 

Added  mass  in  balloon's  slugs 

longitudinal  direction 


J  ?9 


Fortran 


Standard 


Units 


MAS 

MAV 


_ Description _ _ 

Added  mass  in  balloon's 
lateral  direction 

Added  mass  in  balloon's 
vertical  direction 


slugs 


slugs 


MAX 


ML 

MPL 

MS 


Maximum  number  of  itera¬ 
tions  allowed  if  the  solution 
to  the  simultaneous  nonlinear 
equation  fails  to  converge 

M  Apparent  mass  in  balloon's  slugs 

longitudinal  direction 

MpL  Mass  of  payload  slugs 

M  Apparent  mass  in  balloon’s  slugs 

lateral  direction 


MV 

“v 

Apparent  mass  in  balloon's 
vertical  direction 

slugs 

N 

Number  of  equations  to  be 
solved 

NF 

Number  of  significant  figures 
used  when  testing  for  con- 
vergency  when  solving  sim¬ 
ultaneous  nonlinear  equations 

NPl 

Number  of  terms  in  character¬ 
istic  equation 

Nl 

Degree  of  characteristic 
equation 

RHOB 

P B 

Air  density  at  Z 

B 

slug/ ft3 

RHOC ( 3 ) 

/’ci 

Air  density  at  Zc^ 

slug/ ft3 

RH0CH(4) 

Air  densitv  at  Z  ... 

cHi 

slug/ft3 

RJA 

V 

Distance  along  longitu¬ 
dinal  axis  of  balloon  from 

ft 

aerodynamic  reference  center 
to  bridle  apex  (positive 
toward  the  nose) 

RJB  R.  Distance  along  longitu-  ft 

3  dinal  axis  of  balloon  from 

center  of  buoyancy  to  bridle 
apex  (positive  toward  the  nose) 


•} 

I 


t 

* 


It 

f 


■i 

t 

» 

V 

5 

J 

y. 


I 


I 
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Fortran 

Standard 

Description 

Units 

RJG 

Rjg 

Distance  along  longitudinal 
axis  of  balloon  from  center 
of  gravity  to  bridle  apex 
(positive  toward  the  nose) 

ft 

RJM 

Rjm 

Distance  along  longitudinal 
axis  of  balloon  from  dynamic 
mass  center  to  bridle  apex 
(positive  toward  the  nose) 

ft 

RKA 

RkA 

Distance  along  vertical  axis 
of  balloon  from  aerodynamic 
reference  center  to  bridle 
apex  (positive  up) 

ft 

RKB 

RkB 

Distance  along  vertical  axis 
of  balloon  from  center  of 
buoyancy  to  bridle  apex 
(positive  up) 

ft 

RKG 

Rkg 

Distance  along  vertical  axis 
of  balloon  from  center  of 
gravity  to  bridle  apex 
(positive  up) 

ft 

RKM 

Rkm 

Distance  along  vertical  axis 
of  balloon  from  dynamic  mass 
center  to  bridle  apex 
(positive  up) 

ft 

ROOTI  (8) 

Imaginary  part  of  " i" th  root 
of  characteristic  equation 

ROOTR ( 8 ) 

Real  part  of  "i"th  root  of 
characteristic  equation 

SB 

SB 

Aerodynamic  reference  area 
of  balloon  (V2//3) 

ft2 

SC  (3) 

Sci 

Aerodynamic  reference  area 
of  "i"th  link  =  (/)*(dc) 

ft2 

STHEO 

39o 

sin  9 

o 

STHE02 

s2qo 

sin2  0 

o 

STPX( 3) 

s(0+f±) 

sin  (9  +  £\ ) 

STPX2 ( 3 ) 

S2(0-rf,  ) 

sin2  (0  +  £*, ) 
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Fortran 

Standard 

Description 

Units 

SX(  3) 

sfi 

sinfi 

SXMX(3, 3) 

sin  (  -  fj) 

SX2 (3) 

*2  h 

si"2£i 

S2THE0 

S20 

G 

sin  20 

o 

S2X( 3) 

52  ix 

sin  2  jv 

TETH 

Total  length  of  tether 

ft 

THAMP ( 8 ) 

Time  to  half  or  double 
amplitude  of  "i"th  mode 

sec 

THEO 

®o 

Pitch  angle  of  balloon 

rad 

THEODE 

0 

o 

Pitch  angle  of  balloon 

deg 

VBR 

VBR 

Relative  velocity  be¬ 
tween  balloon  and  air 

ft/sec 

VECTD (4) 

Direction  angle  of  "i" th 
complex  element  of  mode 

VEGTI (4) 

Imaginary  part  of  "i"th 
complex  element  of  mode 

VECTM ( 4 ) 

Magnitude  of  "i"th  complex 
element  of  mode 

VECTR (4) 

Real  part  of  "i”th  complex 
element  of  mode 

VVW(S) 

Velocity  array  used  for  in-  £t/sec 
terpolation  of  steady  state 
wind  velocities  corresponding 
to  AALT ( 8 ) 

VW 

Vw 

Steady  state  wind  velocity 
at  2b 

ft/ sec 

VWC ( 3 ) 

Vwci 

Steady  state  wind  velocity 
at  Z  . 

Cl 

ft/sec 

VWH(4) 

Steady  state  wind  velocity 
at  "i"th  hinge 

ft/sec 

WB 

WB 

Total  weight  of  balloon 
harness 

lbs 
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Fortran 

Standard 

Description 

Units 

WTC 

Weight  of  tether 

lbs 

XIO(3) 

f  io 

Pitch  equilibrium  angle 
of  " i"th  link 

rad 

XIODE ( 3 ) 

i  io 

Pitch  equilibrium  angle 
of  "i"th  ].ink 

deg 

YB 

yb 

Down-range  distance  of 
balloon  from  winch  in 
longitudinal  plane 

ft 

ZB 

ZB 

Altitude  of  balloon 

ft 

ZC(3) 

zci 

Altitude  of  center -of- 
pressure  of  " i"th  link 

ft 

ZCH(4) 

ZCH. 

l 

Altitude  of  " i"th  hinge 

ft 

INPUTS 

All  inputs  are  read  in  under  format  F10.0  except  COM1.  Its 
format  is  10A4.  The  following  is  a  list  of  all  variables 
needed.  The  variables  are  defined  in  the  nomenclature. 


(a)  Longitudinal  Stability  Program 

1st  READ:  A  ALT,  WW  2  cards 

2nd  READ:  AALPD,  CCMB,  CCLB,  CCDB  4  cards 

3rd  READ :  CMC,  CDC1,  CDC2,  CLC  1  card 

4th  READ:  WB,  LS,  MPL,  WTC,  IXB,  MAL,  MAY  1  card 

5th  READ:  SB,  DB,  CDC,  DC,  TETH,  CMTDB ,  CLTDB  1  card 

6th  READ:  C0M1  1  card 

7th  READ:  RJK,  RKM,  RJA,  RKA,  RJG,  RKG,  RJB,  1  card 

RKB 

8th  READ:  THEO,  XIO(l),  XI0(2),  XIO(3)  1  card 


The  input  READ  cards  are  arranged  such  that  data  from  the  1st, 
2nd  and  3rd  READ  are  read-in  oi.ly  once.  Data  from  the 
4th  to  8th  READ  are  read-in  with  aach  change  cf  conditions 
to  be  analyzed.  If  no  new  runs  are  necessary,  a  card  with 
a  1.  in  the  first  two  columns  should  be  read-in  in  place  of 


the  4th  READ.  The  READ  cards  can  be  easily  rearranged  by 
the  program  user  for  his  own  convenience. 

Note;  The  input  on  the  8th  READ  is  a  guess;  the  program 
will  iterate  to  find  correct  values. 

(b)  Lateral  Stability  Program 


1st 

READ; 

AALT,  WW 

2 

cards 

2nd 

READ: 

WB,  LS,  MPL,  WTC,  IZB,  IYB, 

1 

card 

IYZB,  MAS 

3rd 

READ; 

THEODE,  XIODE(l),  XI0DE(2),  XI0DE(3) 

1 

card 

4  th 

READ: 

COMl 

1 

card 

5  th 

READ: 

RJM,  RKM,  RJA,  RKA ,  RJG,  RKG, RKB 

1 

card 

6th 

READ: 

SB,  DB,  TETH,  DC,  CDC 

1 

card 

7  th 

READ; 

CYPSDB,  CYPHDB,  CNPSDB,  CNPHDB , 

1 

card 

CLPSDB,  CLPHDB 

8  th 

READ: 

CYPSB,  CNPSB,  CLPSB,  CYVB,  CNVB, 

1 

card 

CLVB 

The  input  READ  cards  are  arranged  such  that  data  from  the 
first  card  are  read-in  only  once.  Data  from  the  2nd  to  8th 
card  are  read-in  with  each  change  of  condition  to  be  analyzed. 
If  no  new  runs  are  necessary,  a  card  with  a  1.  in  the  first 
two  columns  should  be  read-in  in  place  of  the  2nd  READ. 

Inputs  on  the  3rd  card  are  obtained  from  the  longitudinal 
program. 

OUTPUTS 

The  following  information  is  printed  out  for  each  condition. 
All  variables  are  defined  in  the  nomenclature. 

(a)  Longitudinal  Stability  Program 

(1)  COMl 

(2)  AALT,  WW 

(3)  AALPD,  CCMB ,  CCLB,  CCDB 

(4)  Iterative  values  of  longitudinal  equilibrium  angles 

(5)  Final  values  of  longitudinal  equilibrium  angles 
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(6) 

RJM, 

RKM, 

CMB, 

CMAB, 

CMTDB,  LS,  MPL, 

TETH, 

IXB, 

RJA, 

RKA, 

CLB, 

CLAB,  CLTDB,  WB, 

SB,  DC, 

MAL, 

RJG, 

RKG, 

CDB, 

CDAB,  CDTDB,  WTC 

,  db, 

CDC, 

MAV, 

RJB, 

RKB, 

YB,  ZB,  DYPRB 

(7)  AALP (4, 4) ,  BBET (4,4) ,  GGAM(4,4) 

(8)  COE  ( I )  ;  I  =  1,  9 

(9)  ROOTR(I),  ROOT I ( I) ,  FREQN(I),  FREQD(I), 

DAMRAT(I),  THAMP(I);  I  =  1,  8 

(10)  VECTR(I),  VECTI ( I ) ,  VECTM(I),  VECTD(I); 

I  =  1,  3 

(b)  Lateral  Stability  Program 

(1)  COMl 

(2)  AALT,  WW 

(3)  RJM,  RKM,  CNPSB,  CNPSDB,  CNPHDB,  CNVB,  LS, 

MPL,  IZB,  TETH,  XIODE(l),  YB,  RJA ,  RKA,  CLPSB, 
CLPSDB,  CLPHDB,  CLVB,  WB,  SB,  IYB,  MAS,  XIODE(2) 

ZB,  PJG,  RKG,  CYPSB,  CYPSDB,  CYPHDB ,  CYVB,  WTC, 

DB,  IYZB,  THEODE,  XIODE(3),  DYPRB,  RKB ,  DC,  CDC 

(4)  AALP (5,5)  BBET (5,5),  GGAM(5,5) 

(51  COE(I);  1=1,  11 

(6)  ROOTR(I),  ROOTI(I),  FREQN(I),  FREQD(I),  DAMRAT(I), 
THAMP(I).'  I  -  1,  10 

(7)  VECTR ( I } .  VECTI ( I ) ,  VECTM(I),  VECTD(I);  I  =  1,  4 
FORTRAN  IV  PROGRAM  DESCRIPTION 

A  listing  of  both  programs  may  be  found  at  the  end  of  Appendix 
B.  A  description  of  the  main  programs  and  subroutines  is  given 
here. 

(a)  Longitudinal  Stability  Program 

(1)  Main  Program 

i)  Read  inputs 

ii)  Initialize  and  define  certain  variables 

iii)  Calculate  equilibrium  angles  of  balloon 
and  links 
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iv)  Write  all  conditions  that  define  the  con¬ 
figuration  being  analyzed. 

v)  Calculate  o<..,  f) .  .  .  . 

J.  J  X  J  ,  1 J 

vi)  Expand  determinant  whose  elements  are  quad¬ 
ratic  terms  so  that  the  characteristic 
polynominal  is  formed 

vii)  Find  roots  of  characteristic  equation 

viii)  Write  out  roots  of  characteristic  equation, 
and  natural  frequency,  damped  frequency, 
damping  ratio,  and  time  to  half  or  double 
amplitude  for  each  root. 

ix)  Calculate  mode  shape  for  each  root  of  char¬ 
acteristic  equation.  The  mode  shape  is 
complex  and  can  be  defined  as  a  magnitude 
and  a  direction  angle  if  0  =  1  +  Oi 

x)  Write  out  variables  defining  mode  shape  for 
each  root  of  characteristic  equation 

(2)  Subroutine  EQUIL 

i)  Calculate  aerodynamic  coefficients  of 
balloon 

ii)  Calculate  center-of-pressure  of  each  link 

iii)  Calculate  dynamic  pressure  acting  on 
balloon 

iv)  Calculate  steady  state  wind  velocity  acting 
at  center-of-pressure  of  each  link 

(3)  Subroutine  CROUT 

Solve  a  set  of  linear  algebraic  equations  so  that 
the  mode  shapes  can  be  obtained. 

(5)  Subroutine  POLMAT 

Expand  a  determinant  whose  elements  are  poly- 
nominals  so  that  the  characteristic  plynominal 
can  be  obtained. 
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(6)  Subroutine  MULLER 


Determine  the  real  and  complex  roots  of  the 
characteristic  equation. 

(b)  Lateral  Stability  Program 

The  Lateral  Stability  Program  is  similar  to  the  Longi¬ 
tudinal  Stability  Program  except  that  the  equilibrium 
angles  do  not  have  to  be  found.  This  eliminates  the 
Subroutines  EQUIL  and  SYSTEM. 

SAMPLE  INPUTS  AND  OUTPUTS 

The  following  pages  show  the  input  and  output  data  for  the 
nominal  computer  runs  in  both  the  longitudinal  case  and  the 
lateral  case. 
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INPUT  DATA  FOR  1 

LONGITUDINAL 

STABILITY 

COMPUTER 

RUN 

5000. 

10000. 

20000. 

25000. 

16.9 

52.3 

67.  5 

91.1 

99.9 

-5. 

5. 

10. 

12. 

15. 

20. 

25. 

.0137 

.0103 

-.0005 

.0044 

.005 

-.0075 

-.041 

-.076 

-.11 

.0063 

.  1364 

.2514 

.2991 

.371 

.51 

.62 

.11 

.0764 

.0865 

.1133 

.  1279 

.1527 

.22 

.3 

0. 

0. 

0. 

0. 

2157. 

3942. 

31.06 

708. 

116000. 

15.7 

110. 

1533. 

39.  15 

1.1 

.0342 

12639. 

-2.01 

1.68 

BJ  60K 

CU.  FT. 

NOMINAL 

19.6 

-44.6 

6.7 

-46. 

23.7 

-42.3 

12.6 

-45.4 

8.5 

45. 

55. 

65. 

1. 


INPUT  DATA  FOR  LATERAL  STABILITY  COMPUTER  RUN 


5000. 

10000. 

2000C  . 

25000. 

16.9 

52.3 

67.5 

91.1 

99.  9 

2157. 

3942. 

31.0  6 

708. 

119000. 

2 6000 • 

12500 

3.50 

41.65 

51.  53 

65.47 

BJ  60K 

CU.  FT.  i 

NOMINAL 

20.  5 

-42.6 

6.7 

-46. 

23.7 

-42.3 

-45.4 

1533. 

39.  15 

12639. 

1.79 

.142 

-2.31 

-.122 

-.347 

-.327 

2.08 

-.105 

-.351 

-2.00 

+  .105 

+  .351 

1. 
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STABILITY  ANALYSIS  OF  A  TETHERED  BALLOON  IN  THE  LONGITUDINAL  PLANE  BJ  60K  OU.  FT.  NOMINAL 
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MODE  SHAPES 


EIGENVECTORS 


REAL 

IMAGINARY 

MAGNITUDE 

DIRECTION  Al 

0. 3981 E  00 

-0.2105E  01 

0.2142E  01 

0 . 2807 E  03 

-0. 6719E  00 

-0.1072E  01 

0.  1265E  01 

0.2379E  03 

-0.1241E  01 

-C.3185E  00 

0.1282E  01 

0.1944E  03 

0.3981E  00 

0.2105E  01 

0.2142E  01 

0.7929E  02 

-0.6719E  00 

C.  1072E  01 

0. 1 265E  01 

0.1221E  03 

-0.1241E  01 

C.3185G  00 

0.1282E  01 

0.1656E  03 

0.8883E  00 

-C.6509E-21 

0.8883E  00 

0.3600E  03 

0.8002E  00 

-C. 1098E-21 

0.8002E  00 

0.3600E  03 

-0.3636E  00 

0. 7629E-21 

0.3636E  00 

0.1800E  03 

-0.1264E  00 

-G. 3748E-01 

0.1319E  00 

0 . 1965 E  03 

0. 7975E-01 

-0  o  98 19E-02 

Q.8036E-01 

0.3530E  03 

0. 4492E-01 

0*  3724E-01 

0.5835E-01 

0.3966E  02 

-0.1264E  00 

0 . 3748E-01 

0« 1319E  00 

0.1635E  03 

0. 7975E-01 

0. 98 19E-02 

0.  8036E-01 

0. 7019 E  01 

0. 4492E-01 

-C . 3724E-G1 

0.5835E-01 

0.3203E  03 

0. 7368E-01 

0  ®  1246E-0 1 

0.7473E-01 

0.9598E  01 

-0.2116E  00 

-0. 2778E-01 

0.2135E  00 

0.1875E  03 

0.1436E  00 

0. 1866E-01 

0. 1448E  00 

0.7404E  01 

C.7368E-01 

"•0.  1246E-01 

0.7473E-01 

0.3504E  03 

-0.2116E  00 

0. 2773E-01 

0.2135E  00 

0.1725E  03 

0.1436E  00 

-C. 1866E-01 

0.1448E  00 

0.3526E  03 

0.3337E-02 

G.  1935E-25 

0. 3337E-02 

0  o 3409  E-2 1 

0. 1230E-01 

0. 3464F-25 

0. 1 230E-01 

0. 1614E-21 

-0.6611E-02 

-0. 4991E-25 

0.661  IE-02 

0.1800E  03 
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EIGENVECTOR 

REAL  IMAGINARY  MAGNITUDE  DIRECTION  ANGLE 


0.9974E-01 
O. 3972E-01 
-0.3197E  00 
0.3753E-01 

0.9974E-01 
0. 3972E-0I 
-0.3197E  00 
0 • 3  753E-01 

0.8215E-02 
-0.8861E  01 
-0.2509E  01 
-0.4865E  00 

0; 1576E  01 
0.2016E  01 
-0.3593E  01 
0.1541E  01 

0.9267E  00 
0.1220E  01 
-0.2271E  01 
0.9567E  00 

-0.2313E  02 
-G.3451E  00 
0.1470E  00 
0.5130E  00 

-0.2840E  01 
0 « 1526E-01 
-0.4131E-01 
0. 5290E-01 

-0.2840E  01 
0. 1 526E-01 
-0.4131E-01 
0.5290E-01 

0  «■  6074E  02 
-0.7338E  01 
-0.6088E  01 
0.1269E  02 

0.9884E  00 
-0.6863E-04 
0. 5973E-03 
-0. 5087E-02 


-0.1678F  00 
0.3393E  00 
-0.2863E  00 
-0.  48  17E  OC 

0.  16 78 F  00 
-0 . 33  93  E  00 
C.  2863E  OC 
C.4817E  OC 

0. 9448E-26 
0 . 76358-23 
C.2997E-23 
0. 1675E-23 

0. 4253E-12 
-0. 45 8 IE -12 
9 . 83  23F- 12 
-0. 3852E-12 

0.17818-16 
-0.7373E-15 
0.  14068-14 
-0.6916E-15 

0. 5125E-13 
0. 74768-15 
-0. 53038-15 
-0*92418-15 

-0.8668F  01 
C. 4866E-02 
-0.2918E-C1 
0. 87678-01 

0.86688  01 

-0. 4866E-C? 

0.29188-01 

-C.8767F-C1 

-0. 1483E-18 
0. 1661F-19 
0. 13^8C-19 
-0. -19 

-0. 5543F-23 
0. 45838-26 
-0. 28468-25 
C. 80848-25 


0.1952E  00 
0.3416E  00 
0.4292E  00 
0. 4832.E  00 

0.1952E  00 
0.3416E  00 
0.4292E  00 
0 . 483 2 E  00 

0. 8  215E-02 
G.886  1E  01 
C.2509E  01 
C.4865E  00 

0.1576E  01 
0.2016E  01 
G.3593E  01 
0.1541E  01 

C.9267E  00 
0.1220E  01 
0.2271E  01 
0.9567E  00 

0.2313E  02 
0 . 345 IE  00 
0.1470E  00 
0.5130E  00 

0.9121E  01 
0. 1602E-01 
0.5058E-01 
0.1024E  00 

0. 912 IE  01 
0. 1602E-01 
0. 5058E-01 
0.1024E  00 

C.6074E  02 
0.7338E  01 
0.6088E  01 
0. 1269E  02 

0.9884E  00 
0 . 6663E-04 
0 . 5973E-03 
0 . 5087E-02 


0.3007E  03 
0.8332E  02 
0.2219E  03 
0.2745E  03 

0.5927E  02 
0 .2767  E  03 
0.1381E  03 
0.8555E  02 

0. 6590E-22 
0.1800E  03 
0.1800E  03 
0.  1800E  03 

0.  1546E-10 
0.3600E  03 
0.1800E  03 
0.3600E  03 

0. 1101E-14 
0.3600E  03 
0. lftOOE  03 
3.3600E  03 

0.  1800E  03 
0.1800E  03 
0.3600E  03 
0.3600E  03 

0.2519E  03 
0.1768E  02 
0.2152E  03 
0.5839E  02 

0.  1C81E  03 
0.34238  03 
0. 1448E  03 
0 . 301 IE  03 

0.3600E  03 
0.1800E  03 
0. 1800 E  03 
0.3600E  03 

0.3600E  03 
0. 1800 E  03 
0.36O0E  03 
0. 1300E  03 


LONGITUDINAL  STABILITY  PROGRAM 


BSi 


IV  360N-F0-479  3-4  MAINPGM  DATE  08/23/71  TIME  10.59.54 

REAL  ML,MV,MAL ,MAV,M,L ,L2,LS, I XB,MPL 

DIMENSION  MAT (4, 4) , ISW!8) , XI  ODE ( 3 ) , AALPI 4 ,4 ) ,BBET!4,4) ,GGAM!4,4) 

DIMENSION  VECTR ( 3 ) , VFC TI ( 3 ) , VECTM i 3 ) , VECTD! 3 ) 

DOUBLE  PRECISION  GGG! 6 ,6 ) , hHH( 6 > 

DOUBLE  PRECISION  A !  4 ,4  ,9  )  ,COE < 9 ) , COEF ( 9) , RQOTR ( 8 ) ,  ROOT  I  !  8 ) 

1  * FREQN ( 8) i FREQDI 8  I »DAMRAT{ 8 ) ,THAMP{  8) 

COMMON  THEO »  XI 0  ( 3 ) 

COMMON  ALP, CDB,CLB,CM8,VW,STHE0,CTHE0,RKGsRJG, 

10B, L ,LS, W3 , DYPR6»S B»MPL»  CDC »  CDAB, CL AB»CMA8» VBR »RHOB 
COMMON  C  !3 ) ,CXMXI3,3) ,AALPA(8) ,CCDB I  8) , CCLB( 8) ,CCMB(8) , 

ISC (3) , RHOC I  3 ) » VWC ! 3 ) *  SX( 3 ) »  CX ( 3 ) » QYPRH! 4) ,RHOCH(  4) , ZC! 3) , XDEGI 4) , 

2ZCHI41  ,  VWH I  4 ) , AALT{  8  )  , VVW ( 8 > ,M , AALPD< 8 ) , SXMX ( 3 » 3 ) , STPX < 3 ) , 
3CTPX(3),SX2<3),S2X<3), STPX2I 3) ,CTPX2(3) ,CX2(3)»CX3(3) , SX3I3) 

DIMENSION  CC( 4, 5 ) ,LOOK ( 4,4), L1(7),XX(4), COM 1(10) ,CCLBP(8) 

EOU I VALENCE (Ll(l)fN), (Ll(2),NF) ,(L1( 3) ,MAX) , ( LI 1 4 ) t KK) , { LI ! 5 ) , J ) , 

1(L1 (6) ,IER) , (Ll!7),MA),{XX!l),THE0) 

1  FORMAT {8F10.03 

2  FORMAT (10A4) 

37  FORMAT (15X, 'ALPHA! I, J ) 35X, 'BETA! I ,J 35X, 'GAMMA! I  ,  J  )  '  / } 

38  F0RMAK/8X,  'ROOTS  OF  CHARACTERISTIC  EQUATION*  ,25X»  •  STABILITY  PARAM 
1ETERS' ,23X, 'TIME  TO  HALF  OR • /12X, 'REAL *, 10X ,* IMAGINARY* , 10X, • NATUR 
2AL  FREQUENCY' ,5X,' DAMPED  FREQUENCY' , 5X ,' DAMPING  RATIO', 7X, 

3 ' DOUBL 6  AMPLITUDE'/) 

42  FORMAT !/10X, 'COEFFICIENTS  OF  CHARACTERISTIC  EQUATION  IN  ASCENDING 
1 ORDER ' ) 

43  FORMAT (5X,» ALL  ROOTS  HAVE  BEEN  ACCURATELY  DETERMINED') 

44  FORMAT !//5X, 'DEGREE  OF  POLYNOMIAL  IS  LESS  THAN  EIGHT*//) 

45  F'jRMAT!//5X,«DEGREE  OF  POLYNOMIAL  IS  LESS  THAN  ONE'//) 

46  FORMAT !//5X, 'ROOT  NOT  ACCURATELY  FOUND • , 5X, 81 4//) 

47  FORMAT  ( 10X ,  8  f  D 1 1  .4,  3X ,  01 1 . 4, 1 2  X,  D1 1 . 4 , 1 IX , D 1 1. 4, 9X  ,D11 . 4 , 10X, 

1 D l 1 ,4/iOX) ) 

48  FORMAT !/5X,9(2X»E10.3)//) 

49  FORMAT !1X,4!4(E9.2, IX) ,4X, 4! 69.2 , IX ) ,4X, 4 ! E9 .2 t IX ) /IX) ) 

51  FORMAT (10X,4(F10. 5, 2X)  ) 

52  FORMAT (2X,« F  INAL  SOLUTION '/I0X,4(F10.5,2X)/) 

53  FGRMAT ( // 10  X , *  NO  SOLUTION') 

54  F0RMAT(//10X, 'SINGULAR  MATRIX*) 

55  FORMAT !/ /10X, • INCONSI STENT  VALUE  OF  N',5X,'N=',I4) 

135  FORMAT ( 5X » ' ANGLE-OF-ATTACK ( DEG ) * , 6X, 8FI0.4/5X, 'MOMENT  COEFFICIENT* 

I,8X,8F I0.4/5X, 'LIFT  COEFFICIENT' , 10X ,8F10.4/5X, • DRAG  COEFFICIENT' 

2 , IOX » 8  F10 .4/ ) 

136  FORMAT (13X, 'THETA' ,7X, ' X 1 0! 1) • , 6X , • X I0< 2 ) » , 6X, • XI 0! 3 ) • / ) 

137  FORMAT !5X»5!F9.4,1X),F8.0?2X,F8.2,2X,2(F8.0»2X)/5X,5(F9.4,1X) , 

12<F8. 1 ,2X) ,F8.4,2X,F8.2/5X,5(F9.4,1X) ,F8.1,2X,3(F8.3»2X)/5X, 

22(F8.3,2X) , 2(F8.1,2X) ,810.3/) 

138  FORMAT ! 8X , ' R JM» , 7 X , '  R K M' , 7 X , *CMB* , 7X , ' CMAB* , 6X , ' CMTDB* , 5X, *  LS ' » 

18X,  *MPL»  ,7X,  'TETH'  ,6X,  »IX8'/8X,'RJA*  97X,*R«.A*  ,7X,  'CLB*  ,7X, '  CLAB* 

2  « 6X  » *  C  LTDB*  » 5X , *  K3* , 8X » • SB ' »8X, *  DC*  ?  8X» ' MAL ' /8X» 'RJG*,7X, *RKG' , 

37X, 'COB' ,7X, 'CDAB' ,6X, 'CDTDB* ,5X, • WTC' ,7X , • DB» ,8X,*CDC ,7X, 
4'MAV'/8X,'RJB',7X, *RK3 ' , 7X, • RANGE ' , 5X, 'ALTITUDE  * , 2X, *DYPRB* /) 

139  FORMAT !5X,' ALTITUDE  PROFILE* , 10X,8F10.1/5X, 'WIND  VELOCITY  PROFILE* 

1 , 5X , 8F 10.1/  )  171 


IV  360N-F0-479  3-4 


MA1NPGM 


DATE  08/23/71 


TIME 


10.59.54 


r 

< 


1 


I 


I 


1 


P- 


140  FORMAT! IH1»20X, 'STABILITY  ANALYSIS  OF  A  TETHERED  BALLOON  IN  THE  LO 
1NGITUDINAI.  PLANFS5X,  10A4//J 

250  F0RMAT(3(/10X»4(E11.4,4X) ) ) 

251  FORMAT (1H1//30X,* MODE  SHAPES ’ //17X, * E IGENVECTORS »/ 12X» » REAL  * , 

19X,  • IMAGINARY* ,6X, • MAGNI TUDE • 6X » » DI * ECTI ON  ANGLE*/) 

CALL  MASK(O) 

G=32. 17 

READ! 1 » 1 )  AALT , VVW 
READ (1,1)  AALPD,CCMB»CCLB»CCDB 
READ! Itl)  CMC,CDC1,C0C2,CLC 
00  12  1=1,8 

12  AALPAI I )=AALPD(I)/57.2958 
DO  13  1=1,8 

CCMBI I  )  =  CCMB ( I ) +CMC*AALPA ( I ) 

CCLBP (  I)=CCLB( I ) 

CCLBI I  )=CCLB( I )+CLC*AALPA(  I ) 

13  CCOiH  I )=CC3B( I )+C0Cl*CCL3P( I ) **2+CDC2*CCL B(  I )**2 
99  READ! 1 , 1  )  W B,L S ,MPL , WTC, I XB , MAL , MAV 

IFiWB.EQ.l. )  CALL  EXIT 

RE AD (1,1)  SB, DB  »CDC, DC ,TETH» CMTD8 tCLTDB 

READ( 1,2)  C0M1 

READ! 1,1)  R JM,RKM,RJA, RK A, R JG» RKG »R J B» RKB 
READ! 1 , 1 )  THEC, (XIO( I ) ,1  =  1 ,3 ) 

THEO=T HE 0/57. 2958 
DO  6  1=1,3 

6  XI0(I)  =  XI0{  D/57.2958 
L=TETH/3  . 

DO  11  1=1,3 

n  scm«L*oc 

M=WTC / ( 3 . ) 

WRITE (3, 140)  COM  1 

WRI TE ( 3 , 139 )  AALT, VVW 

WRITE! 3, 135)  AALPO,CCMB, CCL8»CCDB 

WRITE! 3,136) 

DO  4  1=1,4 

4  XDEG! I )=XX( I )*57.2958 
WRITE! 3,51) (XDEG(I), 1=1,4) 

5  MAX=30 
NF=  5 
N=4 

MA  =  N 
KK=  1 

GO  TO  50 
10  CALL  EOUIL 

F  =  L  S* ( RK 8*S  THEC-R JB*CTHE0 )-W6* ! RKG*STHEO-RJG*CTHEO ) +DYPRB*S3*! 

1CL3  *( R  KA#STHEO-R  J  A*CTHE0 ) -CDB*  ( RK.A$C  THEO+RJA*STHEO)  +DB*CMB) 

GO  TO  41 
20  CALL  EGUIL 

F=L*(CX( 1) LS-WB-G*! MPL+2. 5*M) 

1+DYPRB*S8*CLB)-SX( 1 ) *DYPRB*S8*CDB-. 5* ( Cll) *RHDC ( 1 ) *SC! 1 ) 

2*CDC* (  VWC!  1  )*SX(  1 )  )**2+RH0C!2)*SC(2)  *CDC*  !VWC( 2 ) #SX (  2)  )**2*CUS! 

3X 10 1  2 ) -XIO! 1) )+RH3C( 3) *SC<  3)  *CDC*  !  VWC ( 3 ) *SX( 3) )**2*C0S (X 10 ( 3 )- 
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4X10(1) ) ) ) 

GO  TO  41 
30  CALL  EQUIL 

F  =  L*(CX(2)*(LS-"WB"G*{MPL  +  1.5#M)+DYPRB*S8* 
1CLB)-SX(2)*OYPRB*SB*COB-.5*(C<  2)*RH0C ( 2) #SC ( 2) *CDC* 

2!VW C ( 2  )*SX( 2) )**2+RH0C (3 ) *SC { 3 ) *CDC* ( VWC ( 3 ) *SX { 3 ) )**2*C0S( 

3X1 OC  3 ) -XIOI  2)))) 

GO  TO  41 

40  CALL  EQUIL 

F  =  L*(CX(  3)*ILS-WB-G*(MPL-*-.5*M)+DYPRB*SB*CLB) 

1-SX  (  3 )  #DYPR8*S  B*COB-  .  5*C (  3  ) *RHOC  ( 3)  *SC  <  3)  *CDC* (  VWC(  3  )*SX (  3 )  )**2  ) 

41  KK=2 

50  CALL  SYSTEM (LI, XX, CC,LOUK?F) 

GO  TO  (  10,  20,30,40,60, 7C  ’  .1 

60  DO  61  1=1,4 

61  XOEG( I )=XX( I ) #57. 2958 

KR I TE (  3, 51 ) ( XDEG( I), 1  =  1, 4) 

KK=  3 

GO  TO  50 

70  IFUFR-1)  80,100,110 

80  THE0DE=THE0*57.2958 
DO  81  1=1,3 

81  XI0DE(  I ) =X 1 0 ( I ) *57. 2958 
WR IT  £ ( 3 , 52 )  THEODE , XIODE 
CALL  EQUIL 

Y8=-L*( GX ( 1  )  +CX  (  2 )  +CX (  3)  )  +RKG*STHE0-R  JG*CTHE0 
Z8  =  L* ( SX ( 1 ) +SX { 2 ) +SX ( 3  ) ) -RKG*CTHEO-RJG*STHEO 
C  IF  WINCH  IS  AT  5000.  FT. 

C  Z8=L*(  SX  ( 1 )  +SX  (  2  j+SX  (  3  )  )-RKG*CTHEO-R  JG*STHE0«-5000. 

WRITE (3, 138) 

CDTDB=.9*CLB*CLTDB 

WRITE! 3,137)  R JM, RKM, CMS ,CMAB,CMTDB , LS , MPL, TETH , I X8 »RJ A.RKA , 
1CL8,CLAB,CLT0B,W3,SB,DC,MAL,RJG, RKG,CDB,CDAB,CD7DB,WTC,DB,C0C, 
2MAV ,RJB»RK8,Y8,Z8,DYPRB 
SXMX(2,1)=SIN(XI0(2)-XI0{1) ) 

SXMX ( 3,1)=SIN(XI0(3)-XI0(1) ) 

SXMX(3,2)=SIN(XI0(3)-XI0(2)  ) 

CXMX(2,1 )  =  COS!XIO(2)-XIO( 1) ) 

CXMX ( 3, 1 )  =  C0S(XI0(3)“XI0(1  ) ) 

CXMX( 3,2)=C0S( X  IOC 3)-XIO(2) ) 

DO  900  1=1,3 

STPXI I  )  =  SI N ( THEO+XI 0( I  )) 

CTPX! I )=CJS ( THF0  +  XI01 I  )) 

SX2 ( I  )  =  SX(I )**? 

CX2  ( I  )=CX(  I  )  *#2 
SX3 (I ) =SX( I ) *SX2 ( I ) 

CX3 ( I ) =CX ( I )*CX2 ( I ) 

S2xm=2.*sxm*cxii) 

STPX2! I ) =STPX( I ) 

900  CTPX2! I)=CTPX(I>**2 
Q5B=DYPR3<iS  B 

QSBL=QSB*L  ,,, 
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QSnd=0-Sa*9B 
L2  =  L*‘*2 

ML  =  MAL  +W32.17 
MV=MAV*WB/32.  1-7 
RG=RK G*C  THE 6  +R  J  G*S THcO 

B  H  =  RK'A*(CL8*StHS3-C0B>seCTHE0)  -R  J  A£TCOB,#SIH£''+CL'S*CTHEO  J+DB*CMB 
B2I  =  { CDB^SX (  I ) ^CLB*CX {  IT  ) 

B22-I COB*SX  (2)-CLB*CX( 2) 3 
B23M  C08 *S  X  I  3 i  -CL8*C-X  i  35  ) 

B31  =  RH0C;I  l !  *  SC- (  I.)  *VWC  {  1 5  *CDC 

t>32=RHOC(2  5  *SC  ( 2  ) *Vwt(  2  5  *COC 

B?3=RH0G  (3<)*SCi3,)*VWC{3)*CDC 

KVS=RHO»*VW*SB 

RVSL=RVS*L 

RVSL2=RVSL*L 

RVSL2T -RVS3: 2*SX(  I) 

RVSL22=RVSl2*SXi-2) 

RVSL23=RVSL2*SX(3:} 

RVSt  3G=RVSL*RG 
FAC 1=QSDB/VW 
FAC 2= FACIAL 

AALPI  1 1  i  )  =  I'XB+ML*RKM**2tMV*RJM#-*2 

A4L-P  (  l.i  2 }  =L  *  (  ML *RKM*S  T PX  U  ).-MV*R  JM^GTPX  {  I  r)- 

A  A  L  P  U ♦ 3  5  <  *  I M  L  *  R  K  M*  S  T  P  X  C  2  3  - M V  *R  J  M*  C  T  PX ( 2  3 ) 

AALPI  l-»4)  =L*(  ML?RKM*STPX  (/3  )  -MV*R  JKXCTPX ( 3-3 ) 

AALn  (  2  «  i;3  =A  ALP  (  1 » 2  }< 

AAL?(2  ,2)=L2i<  7.’?M/3.+MPL+MV*CTPX2,(i)'f-ML^$TPXi2{  I M 
A  ALP  (2 , 3  >  =  L  2*  (  (3  .*,M/2.  +MPL  3  *CXMXG2ViB  +MV*GTPX { l 3  *CTPX(2) 
l+ML*STPXTl  j>STPX!'2.) ) 

A4L?(  2  » 4  )  =  L2*  (  ( M/2 «  +MPL3  *CXMX(  3»  U+MV*CTPX(  l  ):*C7  ?X(  3  3 
I  +  ML^STPXd-)  #STPX ( 3 ),) 

AALP  I  3.»  1;;)-AALP(  1 »  3  ) 

AALP  (  3 »  2)  =  AALP(  2»-3 ) 

A  ALP  '3  ,.3  j=L-2*(  4  .*M/3.4-MPL  +  MV*CTPX2(  2  3  +  ML*STPX21 2 3  )' 

A-tLP(  3  »4)=L?*(  IM/2.+MPL)  *CXMX ( 3 , 2  >+MV^CTPX  (2  3 *CT-PX (3  3 
1+ML*STPX(2) *STPX( 3 j ) 

AALP(4,I)=AALP( 1 » 4 ) 

A  A  L  P  ( 4  >  2  )  =  A  AL  P  {  2  *~4  ) 

AALP  (4y  3.)  =  A ALP  (-3,44 

AALP (  4 , 4  3  =  L2*(  M/3 .  +-MPL  +MV*CTPX 2 I  3)>ML*5r.RX2  C  3 )  I 
6BETI1  .  l  )  =  FAC1*(  RKA*  (CDTDB^CTHEO-CL  T  DB*STI«EO  3  *R  J  A*(  ODTDB*STHEO 
l+GLTDB*CTHEC  >-D8*eMTD3  )~-RVS*RG*BLl 
BGET  {  L ,  2  J  =  -RV$L*SX  ( 1 
BdET ( I ,3)=-RVSL*SX( 2'*B1 I 
BBETI-l  ,4)=-RVSL*SXI  3)*0U 

B8ET(2,l  )=FAC2nCDT0Q*SX  (:1 3  -CLTDB*CX  { 1 )  )fRVSLRG*e21 
B6fT( 2  |2)=RVSL21*B21  +  L2*(C(1 3**2*331  *  I SX3 1  U+.5*CX3(  I).) 

1+B32*{  SX2(  2)*SX(  1}  <•.  5*CX2 1 2)  #CX(  1 )  3  *CXMX(2 , 1 ) 

2+B33*<SX2(3)*SX<  TJ-+.5 *CX2<  3 3 *CX { 13  5 *CXMXI 3, 1 3  3 
BBETI  2 1 3  }=RySL22-#i3*2'i+L2*  ( Cl 2  3  *B32* (  SX3.I2  »-*.  5*CX3 12  3  }  *CXMX  ( 2»  I ) 
I +  33  3*  I  SX  2  (  3, 3  *S  X  (  2 )  + .  5  *CX  2  I  3  3  *CX  I  2  53  *£  XMX I  3  ,U) 

BBETI  2  »4  3  =R VS L2  3*321 +  L2*C 1 3  3  *833*  ( SX3  I 3  )-»;«  5*CX3  (3.1 3  *CXMXI  3»  U 
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BBET (3»1)=FAC2*(CDTD8*SX(21 -CLTDB*CX  £ 2  > ) +RVSLRG*B22 
GBET{3,2)=RVSL21*822+L2*£C(2}<'B32*{SX2<2)*SX{  1)  +  .5*CX2(2)  *CX£1)  ) 
l  +  833*£  SX2£3)*SX( 1)  +  .5*CX2<  3) *CX£ 1) )  *CXMX(  3, 2).) 

B5£T£3,3)=RVS122*B22+L2*£C(2)**2*332*£SX3(2>+.5*CX3(2}  ) 

1+3 3'3*(  SX2(  3  }*SX£2)+. 5*CX2£  3)*CX<25  )*CXMX(  3,2)  ) 

BBET(3,4).=RVSt23*B22  +  L2*C(3)*B33*£SX3£3)*-.5*CX3(3)  )*CXMX{  3,  2) 

BBET £4,1 )=FAC2*£CDTDB*SX£3)-CL7D8*CX(3) )+RVSLRG*B23 
BdET£4,2)=RVSL21*B23+L2*C( 3)*B33*(SX2£3)*SX£1 )+.5*CX2£3)*CX£ 13) 
BBET ( 4 , 3  )  =  RVSL22*823+L2*C  £  3 ) *B33 * l S X2 <  3  I *SX  £  2 ) +. 5*C X2£  3) *CX( 2 )  ) 
6BFT(4,4)=RVSt23*B23+L2*C(3)**2*B33*(SX3(33+.5*CX3{3)} 

GGAM£ 1 , 1 )  =  -lS*(RK3*CTHE0+RJB*STHE0)+WB*(RKG*CTHE0  +  RJG*ST.HE0) 
1-QSB*£  CIB*<  RKA*CTHEO+R JA*STHE0 )-CDB* ( -RKA*STHEO+R JA*CTHEO ) 

2+CLAB* ( RKA*  STHEO-R J A*C  THEO ) -CDAB* ( RKA*CT  HEQ+RJA*STHE0 )+DB*CMAB ) 
GGAM! 1 *2 ) =0 . 

GGAM  £  1 , 3 ) =0. 

GGAM{ 1 ,4  )=0 • 

GGAM£  2* 1 )=QSBL*(C0AB*SX( 1)-CLAS*CX( II) 

GGAM! 2,2)=L*SX( 1 } * ( LS-W8-G* ( MRl+5 .*M/2 . ) 
1+QSB*CLB)+Q$BL*CX£1)*C08+.5*L*(C£  1 ) *B 31* VWC < 1 ) *S2X( 1) 

2+832*VWC<  2 ) *SX2 ( 2 ) *SXHX  £  2 , U +B33*VWC ( 3)*SX2  £  3  > *SXMX ( 3, 1 ) ) 

GGAMI  2,3)=.  5*L*B32*VWC  ( 2)  *£  S2X  £  2  )  *CXMX{  2  » 1 ) -SX2  ( 2 )  *SXMX.£  2 , 1 )  ) 
GGAM(2,4)  =  .5*L*B33*VWC  £  3  )  * (-S2X  £3 )  *CXMX £  3,  1 ) -SX2I 3 ) *SXMX£ 3 , 1) ) 
GGAM(3-,1  )=0SBL*(CDA8*SX£2)-CLAB*CX(2)  ) 

GGAM( 3 i 2 1=0 . 

GGAM(  3 ,3  )  =  L*SX(  2)  *aS-WB-G*  (  MPL  +  3.*M/2. ) 

1 +Qb  B*CL8)+0SBl*CX(2 , *CD8+ • 5*L*  £ CU2) *B32* VWC  £  2 )  *S2X£  2 ) 
2+b33*VWC(3)*SX2£3)*SXMX£3,2)  ) 

GGAMI 3  1 4  )  = « 5*L*833*VWC  £3)*(S2X£3)*CXMX£3»2)-SX2(3)*SXMX£3t2)) 

GGAM ( 4 , 1 j  =  Q  SBL*  ( COAB*SX ( 3 ) -CLAB*C  XI 3) ) 

GGAM ( 4  »2 ) =0 . 

GGAM! 4 » 3 )  =  0. 

GGAM! 4, 4  j  =  L*SX(3J*(LS-rwB-G*«  MPL  +  M/2.  )+QSB*CLB) 

1  +US  BL*CX  ( 3  )  *CDB  +  •  5*L  *C ( 3 )  *333*VKC £  3 ) *S2X  £  3) 

WRITE ( 3,37) 

wRI  TET(  3, 49)  <  ( £  A  ALP  £  1  ,  J  ) » J=1 ,4  )_-*  £  3  BET  ( I » J)  » J=  1,4) ,  £  GGAMI  I » J ) *  J=l»4  j 
1 ) ,  i  =  1 1  4) 

K=1 

DO  101  J=1 »  4 
DO  101  1-1,4 

101  A (  I,J,K)=GGAM<  I,J) 

K=2 

DO  102  J‘1,4 
DO  102  1=1,4 

102  A  £  I , J, K )=BBET£ I , J ) 

K=3 

DO  103  J=l,4 
DO  1C  3  1=1,4 

103  A  £  I  ,  J,K)=AALPU»  J) 

DO  104  K=4 , 9 
DO  10'4  J=),4 
DO  i04  1=1,4 

104  A ( I , J , K  )  =0 . 
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EPS= 1 . F-0  ) 

N  =  2 

NC0L=4 

CALL  POL  MAT ( A , NCOL , N»  E  P$ ,CUE , NP 1 , MAT ) 

WRITE! 3,42 ) 

WRITE! 3,48) (COE ( I ) , I=1,NP1> 

1)0  106  1=1,9 
106  COEF! I )=C0E( 10-1 ) 

Nl  =  8 

CALL  MULLFR-!  COEF  ,N1 ,  ROCTR,  ROOT  I  ,  ISW,  I  ERR  ) 

IF  ('IERR.  ED.  0).  WRIT.E(3,43) 

IF ( IERK.EO. 1)  WRITE (3, 46) ! ISW! I) ,1=1,8) 

IF  (  IERP.EQ._2  )  WR  ITS (  3 , 45  ) 

IF { I FRR. EQ.3)  WRITE(3,44) 

WRITE! 3,38 ) 

DO  105  1=1,8 

FREON ! I ) =OSQRT ( RODTR (I }**2+R00TI ( I ) **2  > 

FRFOD ( I ) =OAES ( ROOT  I (  I )  ) 

DAMRATU  )  =  -POUTR(I  i/FREQN(I  ) 

1 C 5  THAMP!  I  ) =.6931 5/ ( OAMRAT ( I )*FREQN{ I ) ) 

wRITF! 3,47) ( ! ROOTR!  I  > , ROOT  I (I) , FREON ( I ) , FREQD! I ) »DAMRAT ( IT, 

1THAMP!  I)  ), 1  =  1,8) 

WRITE! 3,251 ) 

00  2C0  K - 1 , 8 
DO  2C1  1=1,3 

HKH ( I ) =- ! A A  L  P ( I +1, 1)*<  ROOfR(K)#*2-RCOTI  (X)**2)+BBET(I+1»1) ♦ROOTR (K 
D+GGAM!  1+1,  1  ) ) 

00  201  J=l,3 

201  GGG  (  I  ,  J)=AALP(  I  +1 »  J+T  )  *(  ROOTR  (K  ) **2-R00T  I.  (K  >  **2  )  +BBET  (  I  +  ljJ.+  l)* 
1R00TK! K) +GGAMC 1+1, J+l) 

DO  2C2  1=4,6 

HHH!  I ) =-(AALP(  1-2, 1 J *2 .*ROOTR ( K ) *ROUT I ( K ) +BBET! 1-2,1 )*ROOTI (K) ) 

DO  202  o=l,3 

202  GGG! I , J) -AALP! 1-2, J  +  l ) *2.* ROOTR (K)*ROGTI ( K) +BBET ( 1-2 ,  J+l S *R00TI !K) 
DO'  2C3  1=1,3 

DO  203  J=4 , 6 

203  GGG ( I , J ) =-GGG( I  +3,  J-3 ) 

DO  204  1=4,6 

DO  204  J  =  4 , 6 

204  GGG! I , J)=GGG( 1-3, J-3) 

N=6 

L  =  6 

EPS= . 10-11 

CALL  C ROUT  ! GGG , HST , N , JL-, E P S ,  1 6R S W ) 

DO  205  1=1,3 
VECTRCI  )=HrlH(  I  ) 

VEC  T I  (  IT  =rfHHH !  I  +3  ) 

VECTMf  I  j-SQRT!  VLCTR!  H#*2+VEC*  I  ( I  )**2  ) 

205  VECTD! I J-ARGD! VFC1 1(1) ,VECTR! I ) ) 

200  WR  I  TE  (-3, 25C  )  ( (  VtCTR !  1  )  ,  VcCTI  (  D  ,VECTM(  I )  ,  VECTOM  )  )  ,1=1,3) 

GO  TO  99  17g 

100  WRIT6T3.53) 
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GO  TO  99 

110  I F {  IER-2H2Ct  120, 130 
120  WRITE (3, 54) 

CALL  EXIT 
130  WRITE (3, 55)  N 
CALL  EXIT 
END 
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SUBROUTINE  EQUI L 

REAL  MLtMVsMAL ,MAV,M»L,L2fLSf iXBtMPL 
COMMON  THEQ-*  XI 0(35 

C  DMMUN  AL » ,  CD3 ,  CL  3 ,  CM B  ,  VW ,  STHEO ,  C  THE  0 ,  RKG , RJGV 
1 0>3 ,  L ,  L  S ,  W8 » DYPR3  i  S  B ,  MPL,  CQG  #  CDAB ,  CL  AB. CMA3 , VBR , RHOB 
COMMON  C(31,GXMX(  3,3) ,  AALPAI  8):,CC0B08)  ,CCL8<  8)  9CCMB(8)  9 
ISC  I  3 ) ,  RHOC  13),  VWC (  3  )  »  SXI  3.1,  CXI  3.1,  DYPkNI 4)  .RHfJCH  14) ,  ZCI  3) ,  X0E6 { 4) , 
2ZCH  ( 4 )  9VWH{  4  )  ,  AAL  T {  8  ! ,  WW (  8  T,M,  AALPDI  8-)-,  SXMX  1 3, 3 > ,STPX (3 ) , 

3CT P  X  ( 3  ) ,  5X2  (  3 S2X (  3.) ,  STPX2 { 3 ) * C  TPX2 1 3 ) » CX2 1  3 ) ,  CX-3  ( 35-,  S  X3  (  3 ) 

ZCH ( 1 )=0. 

C  IF  WINCH  IS  AT  5000.  FT. 

C  ZCH ( 1 ) =5000 . 

ALP=T  H  FO 
STHFO=  SI N(THEO) 

CTHEO=COS(THEC) 

1=2 

300  IF(ALP.LT.AALPA(I ) )  GO  TO  301 
1  =  1+1 

GO  TO  300 

301  ALPS  L=  (  ALP-AALPAH-l)  )/(  AALPAm-AALPAII-l)  ), 

C)B=CCD3< I-l )+(CCDB(I )~CCDtf(I~l )  )»A~LPSL 

CL  B=CC  LB  ( I  - 1  )  + 1  CCL  8  (  I  >  4CCLB{?1-1;>  )*ALPSL 
LMi3  =  CCMU  ( 1-1  }  +  (CCM8(  I  I-CCMBI  I- I  )  )*.ALPSl 
L  TA3=  I  CCDBI  I)-CCDB{ I-i  D/UALPAI  11- AAL  PA  (  1-1)). 

CL A8= ( CCLBI I J-CCLB ( I- 1  ) ) / I AALPA { I ) -AALPA'. I- IT) 

CM  AB=  (  CCM3  (  I  I-CCMBI'I-l  ))  /I  AALPAU  IrA/LPAI  I-i)  ) 

00  1  1=1,3 

SX { I  )  =  S  IN  I  X  10 1  I)) 

1  CXI  I )  =  C0S(X 10(1 )) 

DO  2  1=2,4 

2  ZCH ( I ) =  ZCH( I -1) +L*SX I I— 1) 

DO  3  1=1,4 

CALL  DENS (  ZCH ( I  )  ,PR,RHOCH(.I )  ,.VS  ) 

J=2 

200  IFOZCHin.LT.AALTI  J  )>)  GO  TO  201 
J=J  +  1 

GO  TO  200 

201  ALTSL= (ZCH( I I-AALT < Jr l ) ) / ( AALT ( J ) -AALT ( J - 1) ) 

VWHI  I  )  =VVW(  J-l)+(VVWI J)-VVW(J-l)  )*ALTSL 

3  OYPRHI  1 1  =.  5#RH0CH  1 1  I. *  VWHI  I  !**2' 

DO  4  1=1,3 

4  C I  I  )  =  I  DYPKHI  I  )  +2 .  +DYPRHM  +  1 1  I  / 1 3. <=(  DYPRH U.) +DYPRHI I +1  i }  ) 

ZB=  ZCH 1 4 )-RK  G*C THE O-RJG* STHEO 

CALL  OENSI ZB,PR,RH08,VS> 

1  =  2 

210  IF  {  ZB.LT.AALTI  ID  GO  TO  211 
1  =  1+1 

GO  TO  210 

211  ALTSL=  I ZB-A ALTH-l ) )  /(  AALTU  I-AALTI  I-i) ) 

VW  =  VVW(  I-D  +  IVVWI I  )rVVWH-in*Al.TSL 
V3R=VW 

DYPRB=.5*RH03*VW**2  180 
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TIME 
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D3  5  1=1,3 

icm=L*{cm*sxni) 
ZCI2)=U(SXm+C(2)*SXt2)  > 

ZC ( 3 ) =L*( SX ( 1  )  +  SX  (2)+C(3  )*SX(3M, 

IF  WINCH  IS  AT  5000.  FT. 

ZC(  1M*(C(1I*SXI1)  1+5000. 

C  ZC ( 2 )=L# ( SX ( 1 ) +C( 2 ) *SX (2 ) 1+5000. 

C  ZC ( 3 )=L*(SX ( 1 ) +SX { 2) +C (3 ) *SX( 3 ) ) +5000. 

CALL  OENSfZCM  ),PR,RHOC(  IJ,VS> 

J=2 

220  IF (ZC(I).LT.AALT(J))  GO  TO  221 
j.-J  +  l 

«G0  TO  220 

221  ALTSL- ( ZC( I ) -AALT ( J-l ) )/ ( AALT f J ) -AAL.T ( J-l ) ) 
5  VWCI  W=VVW(  J-1)+(VVW(  J)-VVW(J-l)  >*ALTSL 

RETURN 

END 
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TIME 
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SUBROUTINE  CROUH  A,  C,  N,  LD,  EPS,  IERSW) 
C  LINEAR  ALGEBRAIC  EQUATIONS  -  CROUT 
C  DIMENSION  A (6 ,6 )  ,  CI6) 

DOUBLE  PRECISION  At  6 , 6  ) , C ( 6 ) , SUM,EP S , ZERO 
ZERO  =  0.000 

DOUBLE  PRECISION  A, C , SUM, EPS, ZERO 
ZERO  =  0.000 
ZERO  =  0. 

IERSW=0 

IF(DABS(A(  1,  D)  -  EPS)  90,  5 , 5 
IFIABf  (Aliai)  -  EPS  )  90 ,5,5 
IF ( DABS! A( 1 , 1 ) )  -  E  PS )90 » 5 » 5 

5  IFtN-1  )90, 10, 15 
10  C(l)  =  Cin/AI  1,1) 

RETURN 

15  DO  20  1  =  2, N 
20  At  1, I)=A(1, 1 )/A(l,  1) 

DO  65  1=2, N 
DO  65  J=2»N 
SUM  =  ZERO 
IF ( J  -  I)  30,30,25 
25  J IN= I-  1 
GO  TO  35 
30  JIN  =J-1 
35  DO  40  K= 1 , J I N 
40  SUM  =SUM+A( I ,K)*A(K, J) 

IF  ( J-I)45,45,55 
45  A(I, J)  =  At  I , J  J-SUM 
I F ( J-I )65,50,90 
C  50  IFtDABStAt I, I) )-EPS) 90,65, 65 
50  IFtDABSt A< I, I) )-EP S ) 90 ,65, 65 
C  50  I F  <  ABS ( A ( I, I) )-EPS)90,65,65 
C  55  IFtDABSt At  I , I) )  -  EPS)90,60,60 

55  IF<DA8S<A<  I ,1) )  -  EPS)90,60,60 

C  55  I F ( ABS ( A{ I , I ) )  -  EPS)  90,60,60 

60  At I,J)=<A( I,J)-SUM)/A( 1,1) 

65  CONTINUE 

C(  l)  =  C( l)  /  A( 1,1) 

DO  75  I  =2  ,  N 
SUM  =  ZERO 
JIN  =1-1 
DO  70  K= 1 , J I N 
70  SUM=SUM+A( I,K)*C(K) 

C(  l)  =  (C(  I)-SUM)/A(I,I) 

75  CONTINUE 
JIN  =N-l 
DO  85  M= 1 , J IN 
SUM  =  ZERO 
L=JIN-M+1 
LL=L+ 1 

DO  80  K=LL,N 

00  SUM  =  SUM  +A(L,K)*C<K) 
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85  C ( L )  =  C ( L  j  -SUM  LS220  46 

RETURN  LS220  49 

90  I ERSW= 1  LS220  50 

RETURN  LS220  51 

GlN1D  LS220  52 
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C 

C 

e 

C 

C 

C 

C 

C 

C 

C 

C 

C 

C 

C 

C 

c 

c 

C5 

C 

C 

C 

C 

C 

c 

CIO 

c 

sC20 

C 

C30 

C 

C 

040 

C50 

C 

C 

06 

C 

C 

C70 

C80 

c 

C90 

C 

C100 

C 


SUBROUTINE  SYSTEM  WILL  SOLVE  A  SYSTEM  OF  SIMULTANEOUS  NONLINEAR 
EQUATIONS 


USER  MUST  OIMENS ION  TWO  WORK  ARRAY  C(N,N+1)  AND  LOOK(N,N) 
WHERE  N  IS  THE  NUMBER  OF  EQUATIONS  PLUS  X(N)  AND  L(7). 
XM)  THRU  X  ( N )  MUST  CONTAIN  INITIAL  GUESSES  AND  I.  MUST  BE 
SET  UP  ACCORDING  TO  COMMENTS 

0  FOR  GOOD  RESULTS 


UPON  RETURN 


L(  6) 
LI6) 
LI  6 ) 
L  ( 6 ) 


THE  USER  MUST  COOE 
HE  MAY  EQUIVALENCE 
OR  SET 


1  FOR  NON  CONVERGENCE  AFTER  L(3)  ITERATIONS 

2  FOR  SINGULAR  MATRIX, TRY  NEW  INITIAL  GUESSES 

3  N  IS  GREATER  THAN  30  (ROUTINE  MUST  BE 
RECOMPILED  WITH  LARGER  DIMENSIONS  OR  N  IS 
LESS  THAN  OR  EQUAL  TO  ZERO 

HIS  PROGRAM  AS  FOLLOWS 

LIl)  TO  N, L 1 2 )  TO  NF,  ETC.  FOR  EASIER  CODING 


LIl)  =  N 
L  (  2  )  =  NF 
L(3)  =  MAX 
L(  7)  =  MA 


L  (  4 )  =  1 
GO  TO  50 

F  =  SOME  EXPRFESSION*  FOR  F l ( XI , X2«X3« , , XN) 

GO  TO  40 

F  =  SOME  EXPRESSION  FOR  F2tXl,X2,X3,»,XN> 

GO  TO  40 

F  =  SOME  EXPRESSION  FOR  F3 (XI, X2 ,X3» , >XN) 

GO  TO  40 
ETC, 

L  (  4)  =  2 

CALL  SYSTEM(L»X,C,LOOK»F) 

J  =  L(  5 ) 

GO,  TO  ( 10,20  ,30 , , , ,60 , 70 ) ,4 

WR  ITE(  3,  60  )'  (XU), 1  =  1, N)  (PRINT  INTERMEDIATE  ANSWERS  STORED  IN  X 
L( 4)  =  3 
GO  TO  50 

IF(L(6  )— 1)80,90, 100 

WRI TE ( 3,60) (X(I},I=1,N)  PRINT  FINAL  ROOTS 
UP  ITERATION  MAX  BY  100, PRINT, GO  TO  5, OR  CALL  EXIT 


TRY  NEW  GUESSES  OR  PRINT  MESSAGE , ANSWERS, CALL  EXIT 


SUBROUTINE  SYSTEM! L , X, C, LOOK, F ) 


C 

C  L(l)  =  N  THE  NUMBER  OF  EQUATIONS 

C  L ( 2i  *  NF  THE  NUMBER  OF  SIGNIFICANT  FIGURES  THE  USER  DESIRES 

C  L ( 3 )  =  MAX  THE  MAXIMUM  NO  OF  ITERATIONS 

C  L ( 4)  =  KK  SET  BY  USER  TO  INDICATE  WHICH'  ENTRY 

C  L  ( 5 )  J  SET  BY  SYSTEM 
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C  1(6)  =  IER  SET  BY  SYSTEM 
C  =  C  FUR  NORMAL  RETURN 

C  L  ( 7 )  =  MA  *.,*x  NUMBER  OF  ROWS  IN  C(I,J)  =  MA'-  IN  DIMENSION  CIMA.XX) 

C  X  =  VECTOR  CONTAINS  INITIAL  GUESSES  AND  SOLUTIONS 

C  C  =  WORK  COEFFICIENT  ARRAY  DIMENSIONED  AT  LEAST  (NyN*l) 

C  LOOK  =  WORK  SUBSCRIPT  ARRAY  DIMENSIONED  AT  LEAST  <N,N) 

C  F  THE  VALUE  F (X 1 , X2 ♦ , , XN)  ON  KTH  E0UA1 ION 

C 

C 

DIMENSION  X  (  1 )  »  I S UB (  30)  *  PART{  30)  »C(  l)  tLOOK(l)  t f EMP'I30)  «L(  1 ) 

C 

C  FOR  A  DOUBLE  PRECISION  VERSION  THE  USER  MUST  REMOVE  THE  C 
C  IN  COL  1  OF  THE  DOUBLE  PREC I  SION  CARD  AND  COMPLETE  THE  LIST 

C  BELOW 

C 

C  DOUBLE  PRECISION  X , PART, C» TEMP, SAVE , HOLD ,REL ,F ,DMAX, FACTOR , TE ST 
C  THE  USER  MUST  CHANGE  ALL  ABS  TO  DABS  IN  THE  FOLLOWING  STATEMENTS 

C  155, 160,230, 255, 260,300*410 

C  THE  USER  MUST  CHANGE  ALL  LITERALS  IN  THE  FOLLOWING  STATEMENTS 
C  FROM  X.EXX  TG  X.D XX, 15, 20, 90, 110,1.60, 2 10, 215, 245, 320, 910 
KK  =  L ( 4  ) 

IF ( KK-2) 10,45,47 
1C  JTEST=1 
N  -  L(  1) 

IF (N-30) 12,12,500 

12  1F(N-1)  500 ,13,13 

13  NF  =  L ( 2  ) 

MAX  =  L(3), 

MA  =  L ( 7  ) 

15  REL  =  l.EO 

DO  20  I  = 1 , N F 
2C-  REL  =  REL*.IEC 
M  -  1- 
GJ  TO.  47 
3C  L( 5 )  =  K 

4C  RETURN 

C  END,  OF  'INITIALIZATION 

45  I F  (-1  SW  )  150,90,  150 

47  DO  48  1  =  1, N 

IJ  =  (I-D-f.MA+l 

48  LOOK ( I J)  =  1 
K  =  1 

GU  TO  80 
6C  KM I N  =  K-l 

JJ  =  1 
GO  TO  900 
70  CONTINUE 

C 

C  SET  UP  PARTIAL  DERIVATIVES  OF  THE  K.TH  .FJNCT  ION. 

C 

BO  1SW  -  0 

GO  TU  30  185 
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90  FACTOR  =  l.E-3 
SAVE  =  F 
100  ITALLY  =  0 
105  I  =  K 

108  JK  =  ( 1-1 1  *MA  +  K 
ITEMP=LOOK( JKJ 
HOLD  =  X(ITEMP) 

H  =  FACTOR^HOLD 
IF(H) 120, 110,120 
110  H  =  l.E-3 
120  Xv I  TEMP)  =  HOLD+H 
I F ( K- 1 1 1 40  *  1 40 , 1 30 
130  JJ  =  2 

GO  TO  900 
140  ISW  =  1 
GO  TO  30 

150  PART ( I  TEMP )  =  (F-SAVEl/H 
X ( l TEMP  1  =  HOLD 
HOLD  =  PART { ITEMP) 

155  IF (  ABS(HOLD) ) 160, 170, 160 

160  I F  (  S(  SAVE/HOLD) -1  .E20)180»18G»170 

170  ITALLY  =  ITALLY  +  1 

180  CONTINUE 

IFII-N 1195,200, 2 00 
195  I  =  1+1 

GO  TO  108 

200  I F <  ITALLY-N+K 1220.,  220*210 
210  FACTOR  =  FACT0R+10.E0 
215  IF ( FACTOR  -  . 1 5E01100, 100, 490 
220  IF  (  K-N  >2-50 ,230,230 
230  IF {  ABSIHOLD) 1240,490,240 
240  I  J  =  MA*N+K 
245  CIIJ1  =  O.EO 
KMAX  =  ITEMP 
GO  TO  360 
C 

C  FIND  PARTIAL  DERIVATIVE  OF  LARGEST  ABSOLUTE  VALUE. 
C 

250  IJ  =  <K-1)*MA+K 
KMAX  =  LOOK ( I J 1 
255  DM AX  =  ABS ( PART {KMAX 1 ) 

KP  =  K+l 
DO  290  I=KP,N 
IJ  =  ( 1-1 )*MA+K 
JSIJB  =  LOOK!  I J1 
260  TEST  =  ABS( PARTI JSUB) 1 

IF! IEST-DMAX 1 280, 270, 270 
270  DMAX  =  TEST 

I J  =  ( I- 1 1 *MA+KP 
LOOK ( IJ 1  =  KMAX 
KMAX  =  JSUE 
GO  TO  290 
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b 

f 

t 

$ 

s- 

is 


I 


l 


i 

c 


280 


290 

300 


3.10 


C 

C 

C 

C 


320 


350 

360 


370 

360 

C 

C 

C 


390 


400 

C 

C 

c 

4C5 

410 

420 


430 
44  0 
450 


460 


470 
47  5 


IJ  =  (I-l)*flA+KP 
LOOK! I J)=JSUB 
CONTINUE 

I F I  ABS I  PART (KM AX) )) 3 1 0, 490, 310 
CONTINUE 

SET  UP  COEFFICIENTS  FOR  KTH  ROW  OF  TRIANGULAR  LINEAR  SYSTEM  USEO 
TO  SACK-SOLVE  FOR  THE  FIRST  K  XII)  VALUES. 

I  SUd  I  K ) =KMAX 
U  =  N*MA+K 
Cl  I J)  =  O.EO 
IJ  =  N^MA+K 
00  350  I  ■=  K  P ,  N 
KJ  =  { I-I )*MA+KP 
JSUB  =  LOOK ( KJ ) 

KJ  =  I JSUd— 1 ) #MA  +  K 

ClKJ)  =  -PAkT-I  JSUd) /P  ART  IKMAX) 

C(IJ)  =  C(iJ)  +  PART (JSUd) *  XI JSUd ) 

IJ  =  N*MA+K 

C  (  I  J )  =  IC I  I  J  )  -SAVE  ):/PAR  T(  KMAX )  +  XIKMAX) 

I F ( K-N  )  3  70»  380,380 
K  =  K+l 
GO  TO  60 
CONT INUE 

BACK  SUBSTITUTE  TO-  OBTAIN  NEXT  APPROX'I.MAT  I  UN  TO  .X. 

IJ  =  N*MA+N 
XIKMAX)  =  Cl IJ) 

IFIN-l  ) 390 , 400, 390 
KM  IN  •=  N— 1 
JJ  =  3 
GO  TO  900 

IFIM-l ) 440 ,440,405 
TEST  FOR  CONVERGENCE- 
DO  420  1=1, \ 

I  FT  ApS  I  ( T  EMP(rj-X  IT )  )  /X  ( I-H-REL  )  420,420,430 
CONT I NUF 
JTEST=JTFST+1 
IF  (JTE ST-3) 440,470,470 
J  TEST=  1 
DO  450  I  =  l ,  N 
TEMPI  I  )  =  X I  I > 

I  F  I M— MAX-) 46C  ,480,480 
M=M+1 
L  1 5 )=N  +  1 
GO  TG  40 
IER=0 

LI  5)  =  N+2 
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1(6)  =  IER 
GO  TO  40 
480  IER  =  1 

GO  TO  475 
490  IER  =  2 

GO  TO  475 
500  IER  =  3 

GO  TO  475 

BACK  SUBSTITUTION  ROUTINE 

<?CC  00  930  IK  =  I » KM  I N 
KM  -  KMIN-IK+2 
KM AX  =  I  SUB ( KM-l  ) 

93  0  X(KMAX)  ■-  O.EO 
00  920  J=KM,N 
JK= ( J- 1 ) *MA+KM 
JSUB=  LOOK ( J  K ) 

JK= ( JSUB-1 ) *MA+KM-1 
X(KMAX)=X(KMAXl«-C(  JK)*X<  JSUBI 
920  CONTINUE 

JK=N*MA*KM-1 
X(KMAX)=X(KMAX)+C( JK) 

T30  CONTINUE 

GO  TO  (70,140,400) ,JJ 
END 
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SUBROUTINE  POLMA<{A,  NCOL,  N,  EPS,  COE,  NP1 ,  MAT) 
DIMENSION  AINCOL.NCOL, 1) ,  COEtl).  MAT  f  NCOL , NCOL ) 
RE  AL *8  A,  COE,  SB,  SA 
M=N*NCUL+1 

IF  (M  „GT.  1)  GO  TO  102 
NP1  =  -1 
RETURN 
102  NP 1  =  N*  1 

C  FIND  DEGREE  OF  EACH  MATRIX  ELEMENT 


DO  2  1=1, NCOL  LC210 

DC  2  J= 1 , NCOL  LC210 

MAT! I , J ) =0  L0219 

DU  2  K  =  1,  NP  1 

IF  (All  J,K)  « NE .  0)  MAT < I , J)  =  K 

2  CONTINUE  L0210 

TRI ANGULAKI  ZE  THE  MATRIX 

DO  112  J1  =  1,  NCOL 

10  J9  =0  L0219 

DO  3  I = J1 , NCOL  L  021 0 

IF  (MAT! I, Jl)  .EQ.  0 )  GO  TO  3 
J9  =  J9  +  l 

J  3= I  LG  2 10 

3  CONTINUE  L0210 

Jl  =  COLUMN  NUMBER 


J9  =  NUMBER  OF  NON-ZERO  ELEMENTS  IN  THIS  COLUMN 
J 3  =  LAST  NON-ZERO  ELEMENT  IN  THIS  COLUMN 
J4  =  TEMPORARY  STORAGE  FOR  INTERCHANGE 
SA  =  TEMPORARY  STORAGE  FOR  INTERCHANGE 
U  IF  ( J  9- 1 )  101?  603,  12 
101  NP 1  =  0 
RETURN 

C  IF  THERE  IS  ONLY  ONE  NGN-ZERO  ELEMENT,  EXCHANGE  ITS  ROW  WITH  Jl 


603  IF  ( J3  .EG.  Jl)  GO  TO  112 
DO  4  J  =  Jl,  NCOL 

J2=  MA  XO i MAT { J3 , J ) , MAT ( Jl , J ) )  L0210 

J4=MAT ( J  3, J )  L0210 

MAT ( J3»J)=MAT(J1,J)  L0210 

MAT ( J l , J ) =  J4  L  0  2 1 0 

DO  4  K=1,J2  L0210 

SA=A { J  3  ,  J  , K )  L0210 

A ( J 3 , J ,  K  )  =  A  ( J 1 ,  J ,  K  )  L0210 

A { J 1 , J , K ) =-S  A  L  0  2 1 0 

4  CONTINUE  L0210 

GJ  TO  112  L0210 

C  THERE  IS  MORE  THAN  ONE  NON-ZERO  ELEMENT 

12  J  3=  J  1  +  1  L0210 

DO  111  I =J 3, NCOL 

13  IF  (MAT!  I ,  J 1  )  .EQ.  0)  GO  TO  111 
IF  ( MA T( Jl , J 1 )  , EQ.  0)  GO  TG  14 


IF  ( MAT (  I , J  1  )  .GE.  MAT { J 1 , J  1 ) )  GO  TO  15 
C  ELEMENT  I  IS  OF  LOWER  ORDER  THAN  Jl,  SO  INTERCHANGE  ROW  l  WITH  Jl 

14  DO  6  J=  J 1 , NCOL 
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J2=  MAXO(MAT(Jl,J),MAT{I,jn  L0210 

J4=  MATC  Jl ♦ J )  L0210 

MATC Jl, JI^MATC I , J)  L0210 

M AT  ( I »  J» ■=  J4  L0210 

DO  6  K  =  l,j>2  L0210 

SA=  A( I, J,K)  L0210 

AC  I , J ,  K )  -A i J 1 ,  J ,  K )  L0210 

AC  Jl ,  J  ,K)=--SA  L0210 

6  CONTINUE  L0210 

GO  TO  13  L0210 

C 

15  J7*MATII,JU  L0210 

J5-M AT  ( J  1 9  J 1  •  1.0210 

J6=J7-J5  L0210 

S8=A( I ,J1, J7 I / AC Jl.Jl, J5)  L0210 

IF  (DABS  (SB )  ,LT.  4.)  GO  TO  16 

If-  CJ6  .EG.  0)  GO  TO  14 

16  CO  19  J=  J 1 ,NCQL  L0210 

J5=MAT  <  J1 . J  )  10210 

00  19  K=1,J5  L0210 

J7=  K+J6  L0210 

IF  ( J7  .GT.  MJ  GO  TO  110 

SA  -  SB*A(J1,J,K) 

AC  1 , J, J7)  =  AC  I , J, J 7 >  -  SA 


IF  CDA3SCAC I ,J, J7) >  .LT.  DABS(EPS*$An  ACI,J,J7)  =  0. 


19  CONTINUE  L0210 

110  DO  7  J= J 1 »  NCOL  L0210 

J7=  MAX0(MAT(I,C),MATCJ1»J)+J6)  L0210 

MAT ( I »  J ) =0  L0210 

DO  7  K=1,J7 

IF  (ACI.J.K)  .NE.  0.)  MAT  C I  *  J )  -  K 

7  CONTINUE  L0210 

111  CONTINUE  L0210 

GO  TO  10  L0210 


112  CONTINUE 

C  GET  PRODUCT  OF  Oi*GONAL  ELEMENTS 

NP1  =  MA  T ( 1 » 1 } 

DO  113  K  =  1,  NP1 

113  COECK)  =  AC  1  # 1 , K ) 

DO  117  I  =  2,  NCOL 
J2  =  MAT l  l »  I ) 

Jl  =  J2  +  NP1  -  1 
DO  114  K  =  l,  NP1 

114  AC2.1.K)  =  COECK) 

DO  115  K  =  1,  Jl 

115  COECK)  =  0. 

DO  116  K  =  1,  NP1 

DO  116  J  =  l,  J2 

116  C0ECJ+-K-1)  =  COEU  +  K-1)  *  AC  2, 1 ,  K ) *  A C I , l , J ) 

117  NPi  =  Jl 
RETURN 
END 
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SUBROUTINE  MULLER < COG , N1 ♦ ROOTR, ROOT  I ,  ISW , IERR  i 

MULLER  ROUTINE  FOR  ZEROES  OF  POLYNOMIALS  WITH  REAL  COEFFICIENTS 


COE  IS  THE  ARRAY  OF  POLYNOMIAL  COEFFICIENTS  ORDERED  FROM  HIGHEST 

TO  LOWEST  POWER  OF  X 

N1  IS  THE  DEGREE  OF  THE  POLYNOMIAL 

RGOTR  IS  THE  ARRAY  OF  REAL  COMPONENTS  OF  THE  ROOTS 

ROOT  I  IS  THE  ARRAY  OF  IMAGINARY  COMPONENTS  OF  THE  ROOTS 

ISW  IS  AN  ARRAY  DEFINING  THE  VALIDITY  OF  THE  ROOTS 

ISW*Ni  =  0  THE  NTH  ROOT  HAS  BEEN  STORED  IN  ROOTRINI  AND 
ROOT 1 1 N) 

ISH(N)  =  1  THE  NTH  ROOT  HAS  BEEN  STORED  IN  ROQTR ( N 3  AND 
ROOTHN),  BUT  IT  MAY  MOT  BE  VALID 
IERR  IS  AN  ERROR  CODE  WHICH  HAS  THE  FOLLOWING  SIGNIFICANCE, 
i ERR  =  0  ALL  ROOTS  FOUND  CORRECTLY 

IERR  =  1  ONE  OR  MORE  ROOTS  MAY  BE  INVALID.  T FST  THE 

ISW  ARRAY  . 

IERR  -  2  POLYNOMIAL  DEGREE  IS  LESS  THAN  1 

IERR  =  3  POLYNOMIAL  DEGREE  IS  LESS  THAN  N1 


FOR  A  POLYNOMIAL  OF  DEGREE  N1  THE  COE  ARRAY  SHOULD  BE  DIMENSIONED 
NI+  1  IN  THE  USER  PROGRAM.  THE  OTHER  ARRAYS  SHOULD  BE  DIMENSIONED 
Ni  IN  THE  USER  PROGRAM. 

THE  POLYNOMIAL  IS  SCALEO  TO  AVOID  ARITHMETIC  OVERFLOW.  ALL 
SCALING  USES  FACTORS  OF  16.  TO  CHANGE  TO  FACTORS  OT  Xf  SET  BASE 
=  X  AND  CONST  =  LN(X)  IN  SUBROUTINE 

THIS  SUBROUTINE  USES  DOUBLE  PRECISION  ARITHMETIC.  SINGLE  PRECISION 
IS  NOT  RECOMHENDED. 


DIMENSION  C0EU1,  ROOTRUI,  ROOTIU),  ISWU) 

DOUBLE  PRECISION  COE » TE2 , TE3 *DI V,TEE7»DE 15, TE i 3, HELL , TEM2 » ALPl ft» 
l  ALP2R » ALP3R »  TEST1 »  ZT  AU2»  AXR » TE5*  TE4»  UPP*  TEMR,  DE16»  TE  14*  BELL  »P.OQ  IR » 
2ALPII (ALP2I »ALP31t TEST2VAX! *TE6*TE7»TE8f rENItTEli , T E15 , T AU2, ROOT  I , 
3BETlRtBET2R,3ET3Rt ALP4K, TE 1, TEM, TE9 , TAU*TE 10t T612 , TE 16 , TEMi  ,Z 1 , 
4BETI I  * BET2I ,BET3I ,ALP4If Z2,01*O2*FACT0R 

BASE  =  16. 

CONST  ^  2.77259 

CALL  MASK! 0 > 

IFINl  -  1)  2 7,28,28 

27  IERR  =  2 
GO  TO  193 

28  IERR  =  0 
FACTOR  =  0. 

N2=N1*1 
N4=0 
I=N1+1 

19  IF  <  COE ( I ) ) 9*  7*  9 
7  N4=N4+ 1 

ROOTRI N4)=0. 

ROOT  I ( N4 )=0 • 
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ISWIN4)  =  0 
l  -  '  - 1 

IF(N4~N1)19,37, 19 

9  CONTINUE  HPRSQ012 

IFICOEU))  190,192,190 

190  TEMP  =  OABS(COEm/COEUM 
TEMP  =  A LOG! TEMP ) /CONST/ ( I  —  1 1 
K2  -  TEMP  SIGN!  .5, TEMP) 

TEMP  =  DAbS { COE ( 1 )  ) 

TEMP  =  ALUG (TEMP )/CONS  T 
Kl  =  TEMP  +  SIGN i .5, TEMP ) 

DO  191  I  =  1 ,N2 

191  COE (  I )  =  COE(  I»/8ASE**{K1  *■  K2*U-i)l 
FACTOR  =  BASE**K2 

GO  TO  10 

192  I  ERR  =  3 

193  00  194  I  =  1 , N1 
R00TR( I  )  a  0. 

ROOT  I ( I)  =  0. 

194  iswm  1 
RETURN 

10  AXR=0. 8 
AX  1=0  . 

L=I 

N3=  1 

ALP1R=AXR 
Al.Pl  i  =  AXl 
M=  1 

GO  TO  99 

11  ET 1R=  TEMR 
6ET 1 1=  TEMI 
AXR=0.e5 
ALP2R=AXR 
ALP2 1= AX ! 

M=2 

GO  TO  99 

12  BET2R=TEMR 
BET2I  =  TEMI 
AXR=0. 9 
ALP3R--AXR 
ALP  3I  =  AXI 
M=  3 

GO  TO  99 

13  BET3R=TEMR 
BET3I=TEMI 

14  TEI=ALP1R-ALP3R 
TE2=ALP1 1-ALP3I 
TE5= ALP3R-ALP2R 
TE6=ALP3I-ALP2I 
TEM=TE5*TE5«-TE6*TE6 
TE3=<TE1*TE5*TE2*TE6)/TEM 
7E4=(  TE2*TE  5--TE  1*TE6)  /TEM 
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TE7-TE  3+1. 

TE9=TE3*TE3-TE4»TE4 

TE10=2.*TE3*TE4 

D£I5=TE7*BJT3R-TE4*BET3I 

DEJ6=TE7*BET3I+TE4*BET3R 

TElt=TE3*GET2R-TE4*8ET2i«-BETlR-DE15 

TE12=TE3*BET2I+TE4*a£T2R>BETlI-DE16 

TE7-TE  9-1. 

TE1=T  E9*BET  2R-T  E 10*BET2I 

TE2  =  TE9*eET21«-TE10*BET2R 

TE 1 3=T  El-BET  1R-T  E7*liET3R  +  TE10*BET3I 

TE14=TE2-80Tl!-TE7*BET3l-TE10$BET3R 

TE15=DE15*TE3-DE16*TE4 

TE16=DE15*TE4+DEi6*TE3 

TEl  =  TE13*rE13~TE14*TE14-4.*<TEU*TE15-TE12*TE2.6J 
TE2=2.*TE13*TE14-4.*{TE12*TEi5*TELltTE16> 

TEST 1=DA8S ( TE1 I 
TE  ST2=DABS( TE2 ) 

IF  (  TEST1-TEST2  )  300,301,301 
.<00  01 V=TE  ST2 
UPP  =  TE  ST 1 
GO  TO  30  3 
301  01 V=TE  ST1 
O'  >=TEST2 

If  4'0IV“i.D-70i  999,303,303 
999  UIV  =  1.0-70 

303  TEM=Ol  V#DSQRTU.  +  (UPP/OlV)*(UPP/DIV)  ) 

IF<  Tfc 1 ) 113, 113,112 
113  TE4=DSQRT( . 5*( TEM-TE 1 ) * 

TE3=.5*TE2/TE4 

GO  TO  111  HPRS0064 

112  TE3=0SQRT{.5*(TEM+TE1)) 

IFITE2  >110,200,200 
110  TE3=-TE3 
200  TE4=.5*TS2/TE3 
Hi  TE7=TE  13+TE3 
TE8-TE 14+TE  4 
TE9=TE 13-TE  3 
TE10=TE14-TE4 
TE 1=2. #TE 1 5 
TE2=2. *TE16 

IF  I TE7*TE7+T£8*7E8-TE9*TE9-TE10*TEIC  5  204,204,205 

204  TE7=TE9 
TE8=TE 10 

205  TEM=TE7*TE7*TE8*TE8 

IF  ITEM  -1.0-70)  998,99^,997 
998  TEM=  1.0-70 

997  TE3=<TE1*TE7  ♦  TE2  *TE  8) /TEM 
TE4=( TE2*TE  7-TE 1*TE8S / TEM 
AXR  =  AL  P3R  +  T  F.3*TE5-TE4*TE6 
AXI=AL?3I  +  TE3«TE64-rfc4*TE5 
ALP4R=  AXR 
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ALP4I=AXI 

M=4 

GO  TO  99 
15  N6“ 1 

38  Q1=DABS(H£LL}+DABS(BELL) 

TE?  =  0A6S(  ALP3R-AXR5+DABS(ALP3!-AXI) 

TEE 7*  DABS(AXR 5+DABStAXI  ) 

C  IS  THE  FUNCTION  VALUE  NEAR  ZERO  ? 

IF  <  01  -l.D-20  1161,161,  16 

C  IS  THE  ROOT  SMALL  ? 

161  IF( TEE7-1 .00-03  5162, 16,16 

C  IS  THE  CURRENT  ESTIMATE  FOR  THE  ROOT  ESSENTIALLY 
C  THE  SAME  AS  THE  PREVIOUS  ESTIMATE  ? 

162  IF ( TE7-1.0D-12I  18,17,17 

C  ARE  THE  CURRENT  AND  PREVIOUS  ESTIMATES  OF  THE  ROOT  ESSENTIALLY 
C  THE  SAME  WHEN  COMPARED  TO  THE  MAGNITUDE  OF  THE  ROOT  ? 

16  02=TE7/  TEE7 

IFI02  -  1.E-7I18, 18,17 

17  N3=N3*1 
ALP1R= ALP2R 
ALP1I=ALP2I 
ALP2R= ALP3R 
ALP2 1=ALP3 I 
ALP3R= ALP4R 
ALP3 1= ALP4I 
BET1R=  BET2R 
BET1I=8ET2I 
3ET2R=BET3R 
BET2I =BET3I 
BET3R=TEMR 
BET3I=TEMI 
IF(N3- 200514,25, 25 

25  I SWT  *  l 
GO  TO  26 

18  l SWT  =  0 

26  N4  =  N4  +  1 

I SW( N4J  =  ISWT 
R00TR( N45-ALP4R 
ROOT  I ( N4)*ALP4 1 
N3=0 

41  I F  ( N4-NL  ) 3'.' ,  37 37 
37  CONTINUE 

IF(FACTOR)  140,140,138 

138  DO  139  I  =  1 ,N1 

ROOTR ( I t  =  ROOTR{ I )*FACTOR 
ROOT?  (  I)  =  ROOTI  ( I  )*FACTOR 

139  COE(I)  =  C0Em*BASE**(Kl+K2*(  i-in 
COE ( N2  )  =  COE(N2)*BASE**(KUK2*NU 

140  DO  141  1=1, Ni 
IF ( ISW ( I ) )  141,141,142 

141  CONTINUE 
I  ERR  =  0 
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GO  TO  3001 
142  1  ERR  *  1 
3001  RETURN 

30  1 F ( DAB  S<  ROOT  I { N4 l/RQOT  Ri N4 ) )  -  l.E-5)  10,10,131 

131  IFUSWT)  31,132,31 

132  GO  TO  <133, 1341, L 

133  N4  =  N4  *■  1 
M4  =  N4 

GO  TO  135 

134  M4  =  N<,  -  1 

135  RQQTR (  M4 1  =  AXR 
ROOT  I ( M4)  =  —AX  I 
I5WIM4)  =  0 

I F ( M4  -  Nil  10,37,37 

31  GO  T0( 32, 101  ,L 

32  AXR=ALP1R 
AXI=-ALP1I 
ALP1 1=— ALP1  I 
M=5 

GO  TO  99 

33  SET 1R~  TEMR 
BGT1 1=TEMI 
AXR= AL  P2R 
AX I=— ALP2 I 
AL  P2 I =— ALP2 1 
M=6 

GO  TO  99 

34  BET2R=TEMR 
BET2I=TEMl 
AXR=  AL  P3R 
AXI=-ALP3I 
AL‘»3I=-ALP3I 
L -2 

M~3 

99  TEMR=C0E(15 
TEMI=0.0 
DO  100  I =1 , N1 
TEl=TEMR*AXR-TEMI*AXI 
TEMl=TEMI*AXR+TEMR*AXI 
IOC  TEMR=  TE1+C0EM  +  1I 

HELL=T  EMR 
BELL=TEMI 

42  IF(N41 102,103,102 

102  DO  101  1=1, N4 
TEM1  =  AXR-R00TR< 1 1 
TEM2=A XI-ROOT I ( I ! 

TE1=TEM1*TEMI+TEM2*TEM2 
TE2=(TEMR*TEM1+TEMI*TEM2 l/TEi 
TEMI=(TEMI*TEM1-TEMR*TEM2)/TE1 

101  TEMR=TE2 

103  GO  TGI  11, 12, 13, 15, 33,34), M 
END 

1 95 
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REAL  MS,  MAS,  M*  L  f  L2,LS  ,  IYB,  I  2  8,  IYZB,  MPL,l.MS 

DOUBLE  PRECISION  COE  (11)  ,  CORF  (11 )  ,ROGTRI  10)  ,  ROOT  I  ( 10 ) ,  FREON  (10  ) , 
lFREQ0(10),DAMRAT(lC),THAMPtl0)vA(5,5,  11 ) 

DOUBLE  PRECISION  GGG (8,8), HHril 8 ) 

DIMENSION  V  ECTR ( 4 ) ,VECTI (4) *  VEC  TM ( 4 ) ,  V ECT  D(  4  ) 

D I  MENS  I  UN  M AT { 5 , 5) , I SW ( 10 ) , X IODE  <  3 ) , X 1 0 (3) , AALP  <  5 , 5 ) , B86T ( 5 , 5 ) , 
iGGAM' 5,5) ,SX(3> ,A4LT( 8),  VVW(8> ,CUMl ( ICS ,CX( 3} »ZCH(4) ,RH0CH(4) , 
2DYPRH(4),V*'H(4)  3) ,  ZC( 3) ,RHUC  (  3  > ,  VwC  (  3  )  ,  SC  (  3) 

1  FORMAT (8F10.0) 

2  FORMAT ( 10A4 ) 

3  7  FORMAT  (25X,  '  ALPHA!  I , J ) • ,45X , ' BETA ( I , 0 ) • / ) 

36  FORMAT ( / 15X , • GAMMA { I  * J ) ' / ) 

38  F0RMAT(/8X, 'ROOTS  OF  CHARACTERISTIC  E QUA TI ON • ,2 5X , • STAB  I L I  TV  PARAM 
lbTERS' , 23X , ' TIME  TO  HALF  OR • / 1 2X , * K 6 AL • , I  OX , • IMAG i NARY ' , 10X , • NATUR 
2AL  FREQUENCY*  ,5X,  ’DAMPED  FREQUENCY'  ,  5'. , '  DAMP  ING  RATIO', 7X, 

3 ’ 00U8L  E  AMPLITUDE’/) 

39  FORMAT (1X»5(5(E9.2,1X)/1X)  ) 

42  FORMAT (/10X, 'COEFFICIENTS  OF  CHARACTERISTIC  EQUATION  IN  ASCENDING 
1  ORDER '  ) 

43  FORMAT (5X, • ALL  ROOTS  HAVE  8 FEN  ACCURATELY  DETERMINED* ) 

44  FORMAT I//5X, 'DEGREE  OF  POLYNOMI NAL  IS  LESS  THAN  TEN'//) 

45  FORMAT (//5X, 'DEGREE  OF  POLYNOMI, NAL  IS  IESS  THAN  ONE’//) 

46  FORMAT (//5X,'R0QT  NOT  ACCURATELY  FOUND' , 5 X , 1 0 14/ / ) 

47  FORMAT! 10X, 10(D 11.4, 3X, 01 1.4,1 2X, 01 1.4, 11 X,01 1.4, 9X,Di 1.4, 10X, 

1DU.4/10X)  ) 

48  FORMAT ( / 5X , 11( 1X,£10.3)//) 

49  F0RMAT(1X,5(5(E9.2,2X)  ,9X , 5 ( E9 . 2 ,2 X  )  / 1 X > ) 

137  FORMAT (5X,6(F8.4,2X) ,4(F9.1 ,1X),F8.3,2X,F8. 1/5X,6(F8.4,2X) , 

14(F9. 1 ,  IX) ,F8.3,2X,F8.  1/5X , 6 ( F 8. 4 ,2X ) , 3( F 9. 1 , 1 X) , 3 ( F8. 3 , 2 X ) /15X , 
23(F3.4,2X)/ ) 

138  FORMAT  <8X, ’ROM’ ,7X, ' RK  M'  ,7X, ’CNPSB’ ,5X,’CNPSDB' ,4X,'CNPHDB' ,4X, 
l'CNVB' ,6X,'LS’ ,8XC'MPL',7X,' IZ8',7X, ’ T ETH » , 6X, • X 10 ( 1 )’, 4X, • RANGE ’ / 

28X, 'RJA* ,7X, *RKA' ,7X, 'CLPSB* ,5X,»CLPSD3' , 4X , ’ CLPHDB • , 4X , • CL V B* , 6X , 

3'W3' ,8X,  'SB'  ,8X,  '  IYB’ , 7X, 'MAS', 7X, • X  I  0 1 2 ) ' , 4X , • ALT  I TUDfc ' / 

48X , * RJG* ,7X, 'RKG' ,7X, ' CYPS8' , 5X , ' CYPSDB' ,4X, * CYPHD8 • , 4X , • CYVB • , 6X, 

5'WTC', 7X, 'OB' ,8X, • IYZB',6X, ' ThEO' ,6X , ’ XI 0( 3 ) • , 4X , 9 DY PRB ’ / 1 8 X , 

6‘RKB' . 7X , ' DC ' , 8X , ' CDC ' /) 

139  FORMAT (5X,‘ ALTITUDE  PROF  I L E ' , 1  OX ,3F 1 0 . 1 /5X , • W IND  VELOCITY  PROFILF' 

1 »  5X , 8F  10. 1/  ) 

140  FORMAT (1H1.20X, 'STABILITY  ANALYSIS  OF  A  TETHERED  BALLOON  IN  THE  LA 
1TERAL  PLANE’ ,5X,10A4//) 

250  FORMAT (4(/10X, 4(611. 4, 4X) ) ) 

251  FORMAT { 1H1//3CX, ’MODAL  AN AL YSI S ’ / / 1 7 X , ’ E I GENVECTOR' / 12 X , • RE AL • , 

19X, ' I M AG  I  NARY ',6X,’MAGN I TUDE',6X, 'DIRECTION  ANGLE'/) 

CALL  MASK(O) 

G=32. 1 7 

READ( 1,1)  AALT, VVW 

99  RE  AD(  1  , 1  )  WB  ,LS  ,  MPL ,  »,'TC  ,  I  ZB,  IYB,  IYZB,  MAS 
IFUrt.EQ.l.)  CALL  EXIT 
RE  AD (1,1)  THEODE, (XI  ODE ( I ), 1  =  1,3) 

READ(  1 ,2 )  COM! 

READ(1 ,1 )  RJM,RKM,RJA,RKA,RJG,RKG,RKB 
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KEA 0(1*1)  Sa,DB,T£TH,DC,CDC 

PEAO  1,1)  CYPS08»CYPHDB*CNPSDb,CNPH()B,CLPSDB»CLpHDB 
RE  ADI '  . I )  CYPSB.CNPSB, CLPSB,CYVB,CNVB,CLVB 
THE0= YHEGOE /57. 2958 
L  =  T  ETH/ 3 . 

L  2  =  L  *  l. 

DO  6  I =i  ,3 
SCI  I  ) - L*UC 

6  XIOIl  i  =XIODE(  D/57.2958 
MS=MAS+Wb/32.17 
M-WTC/  I3.*G) 

STHbC  =  SINI THEO) 

CTHEO=COS(THEC) 

STHEC2=STHEP**2 

CTHE02=CTHEC**2 

S2Th£0=2.*$THE0*CTH£0 

DO  7  1=1,3 

SX( I )=SIN(XIO(I ) ) 

7  CXI  I  )  =  CUS(XIOU  )  ) 

ZCHI 1 ) =0. 

C  IF  WINCH  IS  AT  5000.  FT. 

C  7CH ( 1 ) =5000. 

00  300  1=2,4 

300  ZCHm«2Crf(l-l)+L*SX(I~l) 
no  301  1=1,4 

CALL  OENSIZCH(U,PR,RHOCH(  I  )  ,  VS  ) 

J=2 

.310  IFIZCHI  I  J.LT.AALTIJ)  )  GO  TO  311 
J  =  J  +  1 
GO  TO  310 

311  ALTSL=  (ZCHI  I  )-AAL  T  I  J-  1  )  )  /  <  AALT  I  J  )  --AALTC  J- 1 )  > 

VWH 1 1 ) =VVW( o-ll  +  l VVW ( J )-VVW( J-l ) ) *ALTSL 
30’  OvPRH( I )=. 5*RH0CH{ I )*VWH( I)**2 
DO  302  1=1,3 

302  Cl  l  )  =  (  DYPRHU  1  +2  .  *OYPRH(  I  +  1 )  1/(3. *(  DYPRHC I )  +OYPRHI  I  +1 ) )  ) 
ZCIl)  =  L*C(l)*SXm 

ZCI2)  =  L*(SX<1)+C(2)#’SX(2)  ) 

ZC(3)  =  L*(SX(1 )+SX(2)+C(3)*SX( 3)  ) 

C  IF  WINCH  IS  AT  5000.  FT. 

ZCI 1 )=L*C( 1 ) *SX( 11+5000. 

ZC(2)  =  L*(SX (i)+C(2)*SX  12)  1+5000. 

ZC(3)=L*ISX{ 1)+SXI2)+C(3)*SX<3) 1+5000. 

00  303  1=1,3 

CALL  DENS(ZC(I),PR,«H3C(I),VS) 

J=2 

320  IFIZCI  I  )  .LT.AALTI J) )  GO  TO  321 
J  =  J  +  1 
GO  TO  320 

321  ALTSL= I ZCI I l-AALTI J-l ) ) / I  A  ALT ( J  1-AALT  I  J-l  )  } 

303  VWC(I)=VVWl  J-Il  +  lVVWl  J)-VVw(J-l)  >*ALTSL 
LMS=L*MS 

Zd=L*( SXI1 >+SX(2)+SX: 3 ))-RJG*STHEO-RKG*CTHEO 
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C  IF  WINCH  IS  AT  5000.  FT. 

C  Z  3  =  1.  *  I  SXin  +  SX(2)+SX<3  ))-RJG*STHE0-RKG*CTHE0+5000. 

YB=-L*  (CXI  1 )  +CX 1 2 ) +CX I  3 )  )-RJG*CTHE0  +RKG*STHE0 
CALL  OENSI Z8,PR,RH08,VS> 

1=2 

210  IFIZB.LT. AALTII ))  GO  TO  211 
1  =  1+1 

GO  TO  210 

211  ALTSL=  (ZB-AALK  1-1  )  ) /  {  AALT  (  I  J-AALTI  1-1)) 

VW=VVW ( 1-1 ) +( VVW( I )-VVW< I  —  1 ) )*ALTSL 
DYPRS=.5*RHOB*VW**2 

WR  I  TE  I  3,  140  )  COM  1 
WR I TE I  3 , 139  )  AALT, VVW 
WRITE! 3,138) 

WRITE! 3,137)  R JM,RKM, CNPSB, CNPSD8 ,CNPHD8, CNVB, LS ,MPL » I Z8* T ETH, 

1XI00EI 1)  YB,RJA,RKA,CLPSB,CLPSDB,CLPHDB,CLVBrWB,SB,IY8,MAS, 

2X1  OOF  I  2)  ,ZB,ft.JG,RKG,CYPSB,CYPSDS,CYPHDB,CYVB»WTC»DB,  IYZB, THEODE, 

3X I  ODE ( 3) ,OYPRB,RKB,OC,COC 
A11=RKM*STHE0-RJM*CTHEG 
B  1 1  = . S^RhOB^VW*  SB 
812=~k JA*CTHEO+RKA*STHEO 
313=RKG*STHE0-RJG*CTHE0 
B21=RKA*$THE0 
331=61 1*L 

832=-. 5*RH0C< 1 )*SC (1 )*CDC*VWC< 1)*L2 
63  3=-.5*RHOC<2)*SC(2)*CDC*VWC(  2)*L2 
•3  34=-.  5*RH3C(3)*SCI3)*CDC*VWC<  3)*L2 
Gl  1  =.  5*RriOB*SB*VW**2 

AALP( l ,1 )-i ZB*CTHE02+IYB*STHE02-I YZB«S2THE0+MS»A1 1**2 
AALPI  1 ,2)=IYZB*CTHEO-IY6*STHE0-MS*RKM*All 
AALPI 1  ,3)=LMS*A11 
AAL^( 1»4)=AALP(1»3) 

AALPI 1 ,5)  =  AALP( 1,3) 

AALP(2,l)=AALPii,2) 

AALPI 2, 2 )=I YS+MS*RKM**2 
AALPI 2,3>=-LMS*RKM 
AALPI2,4)=AALP(2,3) 

AALPI 2y5)=AALP( 2,3) 

AALPI 3  ,1 )=AALPt 1,3) 

AALPI3,2)=AALP(2,3) 

AAlP( 3,3)=L2*( 7. +M/3.+MPL+MS) 

AALPI 3,4) =L 2*13. *M/2 . +MPL+MS ) 

AALP(3,5)=L2*(M/2.+MPL+MS) 

AALPI4.1 )=AALP( 1,4) 

AALP(4,2)=AALP(2,4) 

AALP(4,3)  =  AALP(  3,4) 

AALPI 4,4) =L 2*14. *M/3.+KPL+MS) 

AALPI 4, 5 )=L2*(M/2.+MPL+MS) 

AALPI 5,1 )  =  AALP(  1,5) 

AALPI 5,2)=AALPf 2,5) 

AALPI5,3)=AALP(3,5) 

AALPI5,4)=AALP(4,5) 
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AN  IV  360N-FO-479  3-4 


MAINPGM 


DATE  08/23/71 


TIME 


1 1.05.28 


AALPI5 ,5 )  =  L^*(M/3. +MPL  *MS ) 

WHET  (1,1  )=-Bll*((CYPSDB<[D8  +  CYVB<t8I3)*BI2+D8*(CNPSDB*D8'*-CNVB*813)  ) 
BBFT(  1 ,2  >  =  -Bl  1  *<  I C YPHDB*DB-CYVB*RKG)  *812+DB* I CNPHDB*DB-CN VB*R KG) ) 
BBETt I  ,3)=-B31*(CYVB*B12  +  CNVB*0B) 

B8FT ( I  ,4)=BBETI1,3) 

BBET  (  l »  5 ) =9BET( 1,3) 

BBfcT(2 ,1  )  =+8  1 1* I  (CYPSDB*DB+CYVB*B13>  *B2 1-D6* < CLP SDB*DB+CL VB*B 1 3 >  ) 
8  B  E  T I  2  »2)=  +  flll*{ (CYPH06*Dd-CYVB*RKG)*B21~DB*(CLPHDB*DB-CLVB*RKG> ) 
B8ETI2 ,3 )  =  -B31*I-CYV8*B21+CLVB*D8) 
b8ET(2»4)=BBfcT( 2,3) 

B.8ET  (  2 ,5)=BBET  (2,3) 

BrtETI  3 , 1  )  =  ~8313MCYPSDB*DB+CYV8*B13) 

BBFTI 3,2 )=-B 31*1 CYPHDB*0B-CYV8*RKG) 

BdtT(  3, 3)=-(  b31*CYVB*t+B32*C< 1 ) **2+833+334) 
B8ETI3,4)=-(331*CYVB*L+B33*C(2)+834) 

BBtTI3,5)=-(B31*CYVB*l+B34*C{  ) 

83ET! 4, 1 )=B8FT{ 3, 1 ) 
dBET(4,2)'=3BETI3»2) 

BBET I  4, 3 )=-( 83t*CYV8*L+B33*C(2)+B34) 

B8ET(4,4)=-(  B31*CYV3*L*333*C(2  )**2+B34) 

BBET (4,5)=-( B31*CYVS*L+834*C< 3) ) 

BBFT( 5,i)=3B£T(3,l ) 

BBfcT(5,2)=BBET(3»?) 

88FTI5 ,3)=-( B21*CYV3*L+834*C( 3) ) 

BBET ( 5,4) =6BE T I  5,3) 

BBF T ( 5 ,5 ) =- ( B31 *CY VB*l+834*C ( 3  >  **2 ) 

CGAM(  1,1  )  =  -GU*ICYPS6*Bl2+CNPSB*0B) 

GGAM I 1 , 2 ) =  0 . 

GGAMd  ,  3)  =  0. 

GGAMI 1  ,4)=C. 

GGAMI 1 , 5  )  =  0  . 

GGAMI 2,1) =-G 11* <-CYPSB*B21+CLPS0*OB> 

GGAMI 2 ,2  )  = I WB*KKG-LS*RKB )*CTHEO 
GGAM{ 2,3)=0. 

GGAM( 2 ,4)=0 . 

GGAMI 2,5 )-0 . 

GGAMI  3 , 1 )=-Gll*l*CYPSB 
GGAM( 3 ,2 )=0. 

GGAM{ 3 , 3)  =  I LS-wB-I MPL+5. *M/2. ) *0) *L*SX{ l ) 

GGAM  ( 3 ,4 ) =o . 

GGAMI 3 ,5)=C. 

GGAMI 4 ,1 )=GGAMI 3,1) 

GGAMI 4,2) =0. 

GGAMI 4 , 3 ) =0 . 

GGAMI  4,4)=  (  LS-WB-(MPL+3.*M/2. )*G)*l*SXI2i 
GGAMI 4,5)=C. 

GGAMI 5 , 1 )=GGAM 1 3, 1 ) 

GGAM( 5,?)=0. 

GGAM( 5 , 3  ) -C  « 

GGAM( 5,4) =0. 

GGAMI5 ,5)=I LS-WB-lMPL+M/2. )*G)*L*SXI3> 

WRITE! 3, 37) 
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MA1NPGM 


DATE  08/23/71 


TIME 


11.05.28 


WRITE!  3,49)  <  (  !  AALPU,  J  It  4=1,  5) ,  IBBETI 1  *  J I , J=l,5>  1,1  =  1,51 
WRI  T»-  (  3, 36) 

WRI  TE ( 3,39) ( ( ( GGAMI I»J)»J=l»5))jI=l»5) 

K=i 

DO  lOi  J=1 , 5 
DO  101  1=1,5 

101  A { I » J  »  K) =GGAM( f , J) 

K  =  ? 

DO  102  J=1 , 5 
DO  102  1=1,5 

102  A  (  I ,J,K)=B8ET(  I ,  J  ) 

K=  3 

DO  103  J=1 , 5 
DO  103  1=1,5 

103  A! I , J,K) =AALP( 1 , J) 

DO  104  K  =  4,  11 

DO  104  J=1 , 5 
DO  104  1=1,5 

104  A(I,J,K)=0. 

EPS=1 . E-09 
N=2 

NC0L=5 

CALL  POLMATt A,NCOL , N, E PS , COE , N”1 , HAT ) 

WRITE! 3,42) 

WRITE (3,48) (COE (I) ,I=1,NP1) 

DO  106  1=1,11 
106  COEF ( I )=C0Eil2-I» 

N 1=  10 

CALL  MULLeR(COEF,Nl, ROOTR, ROOTI ,ISW,IERR) 

IF ( IERR.EQ.O)  WR ITE( 3, 43 ) 

IF  {  IERR.EQ.  1)  WRITE(3,46)(  l  SWU  )  »  1=  1»  10) 

I F ( IERR.E0.2)  WR I TE ( 3 , 45 ) 

IF! IERR.E0.3)  WRIT£C3,44) 

WRITE! 3,38) 

DO  105  1=1,10 

FRF ON (  I  )=DSQRT(ROOTR( I )**2+R00T I ( I) **2) 

FREOD! I )=3A6S( ROOTI ! I ) ) 

DAMRATU  )=-ROOTR(  I  I /FREON  ( I ) 

105  THAMP!  I  )=.69315/(0AMRAT!  I)*FREQNU)  > 

WRITE! 3,475 ( ( RQOTR { I ) , ROOTI ( I ) , FREQN ( I > , FREQDI 1 ) , OAMRAT ( I ) , 

1THAMP!  I  ) ) ,1=1,10) 

WRITE! 3,251) 

DO  200  K  =  1 »  10 
00  201  1=1,4 

HHH ( I )=-(AALP(I+l»l)*( ROOTRC  K) **2-R00TI { K)**2) +B8ET ( 1  +  1,1 )*ROOTR (K 
1 )  +GG AM  U  +  l,  1 ) ) 

DO  201  J=i , 4 

201  GGG  < I , J)=AALP( I  +  l, J+1)*(R00TR(K)**2-R00T! (K) **2 ) +3BET ( 1+1,J  +  1)* 

1  ROOTR! K)+GG AM ( I +1 , J+ 1 ) 

DO  202  1=5,8 

HHH( I ) =-( AALP! 1-3, 1)*2.*R00TR(K )*ROOTI U ) +BBET( 1-3,1 )*ROOTI(K) ) 

DO  202  J=1 ,4 


200 


360  N-F  0-47 9  3-**  MAINPGM  DATE  08/23/71  TIME  11.05.28 

202  b3G  ( I  f  J)  =  AAL  P(  1-3,  J  +  l  )*2.*ROOTR(lO*ROOTI  (K)+BBET(I-3,J+1  )*R00T  I  ( K  5 
00  203  1-1,4 

00  2C3  J  =5 , 8 

203  GGGU  ,  J)=-GGG<  1+4,  J-4  ) 

03  204  1=5, 8 

00  204  J=5, 8 

204  GGGI I , J) =GGG ( I -4, J -4 ) 

N=8 

L  =  8 

EPS". IE- 11 

CALL  CR0-JT1  GGG,HHH,N,L,EPS,  IERSWI 
DO  205  1-1,4 
VECTRi  D=riHH(  I  ) 

VECTI ( I ) =HHH(  1+4 ) 

VECTMI 1 )=S3RT{ VECTR( I ) **2+VECT I U ) **2 ) 

20  5  VECTOI  IJsARGOt VECTI ( I }  ,VECTR{ 1 ) ) 

200  WRITE ( 3,250) ( ( VFCTR(I) , VECTI (I) ,VeCTM( I) ,VECTD< I >) ,1*1,4) 

GO  TO  99 
END 
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APPENDIX  C 

ADDITIONAL  BALLOON  AERODYNAMIC ,  MASS  AND 
GEOMETRIC  CHARACTERISTICS 

1.  GENERAL 

The  static  and  dynamic  aerodynamic  force  and  moment  coefficients  are  des¬ 
cribed  in  Reference  1.  Coefficients  obtained  from  available  wind  tunnel 
data  for  the  three  balloon  types  being  investigated  are  also  plotted  as  a 
function  of  angle  of  attack  and  angle  of  sideslip.  The  numerical  values  of 
aerodynamic  coefficients  used  in  the  stability  analysis  are  given  ip.  this 
Appendix  along  with  some  notes  as  to  their  development.  Reynold's  Number 
changes  only  affect  the  skin  friction  drag  and  have  no  effect  on  the  stability 
derivatives.  The  drag  curves  were  not  corrected  for  Reynolds  Number  because 
the  amount  of  correction  is  within  the  test  accuracy  of  the  data.  This 
Appendix  also  provides  supplementary  mass  and  geometric  data  used  in  the 
analysis  of  tethered  balloon  stability  characteristics. 

2 .  AERODYNAMIC  CHARACTERISTICS 

Table  VII  shows  the  aerodynamic  coefficients  computed  according  to  the  methods 
outlined  in  Reference  1.  These  partial  derivatives  were  incorporated  in  the 
general  equations  and  the  value  of  the  algebraic  signs  were  established  to  be 
consistent  with  the  sign  convention  chosen  for  the  equations  of  motion  developed 
in  Appendix  A  where  forward,  up,  and  to  the  right  are  positive  and  nose-up, 
nose  to  the  right,  and  right  side  down  are  positive  rotations.  It  should  be 
noted  that  a  change  of  axis  notation  has  been  used  between  the  aerodynamic 
section  of  this  report  as  noted  in  Table  VII  and  the  dynamics  section  in 
Appendix  A.  In  the  dynamics  section,  pitch  rotation  is  about  the  X  axis 
which  is  an  axis  transverse  to  the  balloon  and  roll  is  about  the  y  axis  which 
is  along  the  longitudinal  axis  of  the  balloon.  The  signs  for  each  coefficient 
for  all  balloons  are  the  same  except  that  the  yawing  moment  of  the  BJ  balloon 
with  reduced  tail  size  became  unstable  in  yaw  about  the  reference  aerodynamic 
center  of  moment  and  those  signs  reversed. 

The  force  vectors  and  angles  are  referenced  to  the  relative  wind  in  the  usual 
manner.  The  moments  are  taken  about  the  center  of  hull  volume  in  the  three 
planes.  The  reference  center  for  the  Vee  Balloons  is  located  on  the  center 
line  between  the  two  hulls. 


The  force  and  moment  derivatives  in  the  longitudinal  case  were  oDtained  from 
the  force  and  moment  curves  of  Figures  5,  6,  11,  15  and  18  of  Reference  1. 

They  were  entered  into  the  computer  memory  and  referenced  where  required. 

Thus  the  slopes  of  the  curves  are  the  uangcnts  to  the  curve  at  that  particular 
angle  of  attack}  and  the  slope  will  change  when  the  angle  changes. 

The  data  of  Figure  18  (Reference  1}  was  obtained  at  a  center  cf  moment  located 
0.444L  from  the  nose.  These  moments  were  transferred  by  the  method  shown  in 
Figure  20  (Reference  1)  to  the  center  of  the  hull  volume  located  at  0.413L. 

The  data  of  the  other  balloons  are  already  referenced  to  the  center  of  hull 
volume . 

The  derivatives  in  Reference  1  for  small  perturbations  in  horizontal  and 
vertical  velocity  are  not  used  in  the  form  derived  because  they  are  already 
indigenous  in  the  equations.  Accordingly,  those  values  are  not  included  in 
Table  VII. 

Test  data  on  the  rotary  derivatives  oi  these  balloon  shapes  are  non-existent 
so  the  values  were  calculated  based  on  unpublished  airship  data.  Lift  and 
pitching  moment  vs.  pitching  velocity  were  obtained  at  zero  angle  of  attack. 

A  correction  for  angle  of  attack  was  not  attempted  because  it  is  believed  that 
the  effect  is  so  small  that  it  would  not  influence  the  final  results  of  the 
stability  plot.  The  typical  lift  and  pitching  moment  curve  is  generally  a 
straight  line  for  a  few  degrees  either  side  of  zero.  The  drag  due  to  pitching 
velocity  is  based  on  the  induced  lift -drag  ratio  as  explained  in  Reference  1. 
Since  the  drag  curve  is  not  a  straight  line,  this  derivative  was  made  dependent 
on  the  lift  coefficients  as  they  affect  induced  drag  as  shown  in  Table  VII. 

The  rotary  derivatives  of  the  Vee  Balloon  exhibited  a  special  case.  The  two 
hulls  overlap  only  a  small  amount  at  the  front.  Further,  there  is  some  inter¬ 
ference  to  flow  from  one  hull  to  the  other.  Consequently  it  seemed  logical 
to  assume  that  the  Vee  Balloon  hull  acted  exactly  in  pitch  as  if  it  were  two 
separate  hulls  of  half  the  total  volume  each.  Also  each  hull  is  skewed  on 
the  axis  at  IT. 5°  which  affects  the  velocity  of  each  section.  To  account  for 
this  effect,  it  was  assumed  that  the  length/diameter  ratio  was  multiplied  by 
cos  17.5°. 
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Longitudinal  Derivatives 


Table  VIT.  Tethered  Balloon  Stab 


_  _  .  .  .  _ 

Lift 

Drag 

Pitching  Moment 

Rolling 

by  da 

a  y  a  e 

bv/da 

b\!bY 
=  -  3M lx/ifi 

| 

Mu  It  ipl ier 

9  V2/3 

m 

q  V2/3 

E 

q  v 

5S 

mmm 

q  v 

i 

BJ  Balloon  with  64%  Tail 
Area  (80%  of  Linear 
Dimensions; 

Slope  of 

C  -  0.64« 

LBO 

0.696 

Sl0?e  °f  CDB0- 

0.1248  c  2  + 
lbo2 

0.1188  ct,b 

ISIS 

n 

Slope  of 

W°-625  “ 

-0.934 

-0.193 

BJ  Balloon  with  90% 
Linear  Tail 

Slope  of 

CLB0 

1.25 

Siope  of  CDB0  - 

°-125  clbo2  + 

°-123  CLB02 

■ 

Slope  of 

CMBO  +  °-27& 

-1.58 

-0.26 

i 

BJ  1  a  1  loon 

Slope  -Fig. 5 

1.68 

Slope  -Fig. 6 

■ 

Slope  -Fig. 18 
Corrected 

-2.01 

-0.351 

■ 

BJ  Balloon  with  144% 

Tail  Area  (120%  of 
linear  dimensions) 

Slope  of 

CLB0  4<)-49CX 

■ 

Slope  of  CDB()  - 

°-'25  W* 

0.127  C,„2 

n 

Slope  of 

CMBO  -°-405“ 

-2.62 

-0.553 

-0. 

GAC  1649  with  thin  fins 

Slope-Fig. 5 

1.49 

Slope-Fig.  6 

it 

Slope-rig. 15 

r» 

o 

1 

-0.374 

-0 

Vee  Balloon 

Slope-Fig. 5 

2.495 

Slope-Fig. 6 

ii 

Slope-Fig. 11 

-2.483 

1  -0.0578 

H 

Vee  Balloon  with  Sym 

100%  Area  Vert.  Tails 

0 

-0, 

Vee  Balloon  200%  Area 
Vert.  Tails  on  Bottom 

-0.135 

-0 

Vee  Balloon  with  Sym. 
200%  Area  Vert.  Tails 

0 

-0 

Vee  Balloon  300%  Area 
Vert.  Tails  on  Bottom 

-0.220 

-0 

Vee  Balloon  with  Sym. 
300%  Area  Vert.  Tails 

0 

-0 

Notes:  v.1)  Figure  numbers  referenced  above  are  located  in  Reference  1  (3)  C.  _  is  coefficient  of  balloon  wii 

liD 

(2)  C,  D„,  C„-,  CUDr.  are  coefficients  of  unmodified  balloon  (4)  Moments  are  about  en  aerodynamic 

LBO  DBO  MBO  center  0-  hull  volunuJ 


lalloon  Stability  Program 


Lateral  Derivatives 


Rolling  Moment 

Yawing  Moment 

Ride  Force 

„/ar 

<)m  /  ap 

X 
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X 
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m 
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m 

n 
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0.193 
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-0.239 

1.658 

0.0737 

1.315 

-1.658 

26 

-0.21 

-0.28 

0.26 

0.08 

-0.096 

-2.08 

-0.08 

1.85 

0.104 

1.55 

-1.85 

351 

-0.327 

-0.347 

0.351 

-0.105  • 

Corr. Slope 

Fig.  17 

-0.122 

-2.31 
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2.08 

Slope 

Fig.  16 

0.142 

1.75 
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-0.484 

0.553 

-0.498 

-0.17 
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0.495 
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0.224 

2.27 

-2.645 
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-0.508 

-0.298 

0.374 

-0.22* 

0 

-2.07 

0.22 

1.99  ** 

0 

1.94 

-1.9 

0573 

-0.3758 

-0.0212 

0.0578 

-0.004 

Corr. 

Slope 

Fig. 9 

-0.0505 
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0.857 

Slope 

Fig.  8 
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0.439 

-0.857 

H 

-0.3S9 

0 

0 
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0 
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- 
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0 
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;i35 
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-0.427 

0 

m 
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0 

-1.388 
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2.603 

0 

1.276 

-2.603 

,220 

-0.412 

-0.C810 

0.220 

-0.878 

mu 

-1.086 
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The  lateral  stability  was  considered  separate  from  the  longitudinal  case. 

In  the  lateral  modes,  data  were  available  only  at  zero  angle  of  attack, 

Figures  8,  9,  12,  13,  16,  and  17  (Reference  l).  Further  the  data  were  avail¬ 
able  for  only  a  few  degrees  on  either  side  of  0°  yaw.  Consequently,  the 
derivatives  were  taken  as  the  slope  of  the  curves  at  0°  yaw  and  pitch.  The 
center  of  moments  of  the  BJ  balloon  was  shifted  from  the  test  position  to  the 
center  of  hull  volume  in  accordance  with  the  method  of  Figure  19  (Reference  i). 

The  rotary  derivatives  in  yaw  were  handled  in  a  manner  similar  to  the  rotary 
derivatives  in  pitcr.  using  the  same  basic  airship  information. 

Test  data  for  the  balloons  with  changes  in  tail  size  were  not  available.  It 
was  assumed  therefore  that  the  test  data  could  be  modified  by  subtracting  the 
theoretical  effect  of  an  isolated  tail  of  the  size  measured,  and  then  adding 
the  theoretical  effect  of  an  isolated  tail  of  the  size  of  interest.  This 
assumed  that  the  hull  and  hull-tail  interference  effects  did  not  change  within 
the  limits  of  the  tail  size  variation.  The  tails  were  assumed  to  be  placed  on 
the  balloon  such  that  their  trailing  edges  attached  to  the  hulls  at  the  same 
point  as  the  original  tail. 

In  the  interest  of  space  limitation, the  detailed  mathematics  involved  in 
determining  the  derivatives  is  not  included  in  this  report. 

3.  ADDITIONAL  MASS  CHARACTERISTICS 

..  The  mass  characteristics  presented  in  Reference  1  are  supplemented  here  to 

include  additional  data  generated  for  the  stability  analysis.  The  apparent 

mass  moment  of  inertia  about  the  dynamic  center  which  is  the  sum  of  the 

physical  and  additional  mass  moment  of  inertia  is  plotted  for  each  balloon 

type  at  10,000  feet  in  Figure  64,  The  apparent  mass  moments  of  inertia  for 

roll,  pitch  and  yaw  are  respectively  I  ,  I  and  I  .  The  apparent  products 

x  y  z 

of  inertia  for  the  three  balloon  types  at  10,000  feet  are  given  in  Figure  65- 

As  a  given  balloon  is  moved  to  lower  altitudes  than  the  design  altitude,  the 
physical  mass  of  the  balloon  increases  by  virtue  of  the  denser  air  in  the  tails 
and  the  air  introduced  into  the  ballcnets  as  a  result  of  compression  of  the 
lifting  gas.  In  addition,  the  additional  mass  increases  with  the  air  density 
increase  at  lower  altitudes.  The  60,000  cubic  foot  BJ  balloon  designed  for 
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10,000  feet  was  chosen  to  explore  the  effects  of  change  of  altitude  en¬ 
countered  during  launch  and  retrieval.  The  mass  characteristics  developed 
for  this  investigation  are  plotted  in  Figures  66,  6?  and  68  as  a  function 
of  altitudes. 

PhysicaA  and  added  mass  characteristics  for  the  BJ  and  Vee  balloon  change  as 
tail  size  changes.  These  effects  were  computed  and  are  tabulated  in  the 
body  of  this  report  as  computer  input  data  for  the  changing  tail  size  in¬ 
vestigation.  Changing  rotational  inertia  with  payload  relocation  is  also 
tabulated  in  the  body  of  this  report. 

In  view  of  the  unique  configuration  of  the  Vee  balloon, special  consideration 
must  be  given  to  establishing  its  additional  mass  characteristics. 

Additional  Mass  of  the  Vee -Balloon 

The  configuration  of  the  Vee  balloon  is  so  complex  that  the  evaluation  of  the 
added  mass  is  not  easy  or  straight  forward.  The  approach  made  here  is  to 
make  an  engineering  estimate  of  its  value. 

Vertical  Acceleration  : 

In  this  direction  the  two  hulls  and  the  horizontal  tail  accelerates  normal  to 
their  axis,  or  flat  plate  area  in  the  case  of  the  tail.  The  added  mass  of  the 
two  hulls  is  the  mass  of  the  displaced  volume  of  air  multiplied  by  a  "k" 
factor  based  on  the  fineness  ratio  of  one  hull.  The  added  mass  of  the  tail 
is  the  mass  of  air  contained  in  a  cylinder  where  diameter  equals  the  tail 
chord  and  whose  length  equals  the  tail  length. 

Longitudinal  Acceleration  : 

In  this  direction  the  horizontal  and  vertical  tail  effect  is  zero.  The  hulls 
are  inclined  to  the  flow  and  the  added  mass  effect  can  be  handled  as  if  it 
is  the  sum  of  two  components,  ^  and  k2  are  based  on  the  fineness  ratio  of 
one  of  the  hulls.  Then  the  mass  of  the  displaced  air  of  both  hulls  is 
multiplied  by  (kx  cos  9  +  kg  sin  9),  when  9  is  tee  half  angle  between  the  hulls 
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Lateral  Acceleration; 

In  this  case  the  horizontal  tail  effect  is  zero,  but  the  vertical  tai.s 
c-nter  into  the  computation.  The  hulls  are  inclined  to  the  flow. 

The  hull  added  mass  is  the  mass  of  the  displaced  air  of  both  hulls  mul¬ 
tiplied  by  the  components  of  the  appropriate  k  factors  based  on  fineness 
ratio  of  one  hull.  The  k  factor  becomes  (k^  sin  9  +  kg  cos  9). 

The  added  mass  of  each  vertical  tail  becomes  the  mass  of  air  contained  in 
a  cylinder  whose  diameter  equals  the  chord  and  whose  length  equals  the 
vertical  height  from  the  center  line  of  the  hull.  Correction  factors  for 
aspect  ratio  are  obtained  from  Figure  32  of  Reference  1. 

Pitching  Added  Moment  of  Inertia: 

The  pitching  added  mass  moment  of  inertia  should  be  first  determined  about  the 
center  of  added  mass  and  later  transferred  to  the  dynamic  center.  In  this 
case  the  center  of  added  mass  in  the  vertical  direction  is  the  governing  lo¬ 
cation. 

The  moment  of  inertia  contributed  by  the  two  hulls  are  calculated  as* the 
moment  of  inertia  along  the  principle  axis  and  then  rotated  and  transferred 
to  act  about  the  lateral  axis  thru  the  added  mass  center. 

The  added  moment  of  inertia  of  the  horizontal  tail  is  also  computed  as  the 
moment  of  inertia  of  a  cylinder  of  air  about  its  lateral  axis  and  trans¬ 
ferred  to  the  center  of  added  mass.  The  vertical  tail  does  not  contribute 
to  the  added  moment  of  inertia  about  this  axis. 

Yawing  added  Mass  Moment  of  Inertia  : 

The  axis  of  yawing  moueat  of  inertia  passes  thru  the  center  of  added  mass  when 
undergoing  lateral  acceleration. 

The  moment  of  inertia  of  the  mass  of  the  displaced  air  of  each  hull  is 
corrected  by  the  appropriate  k  factor  from  Figure  31  of  Reference  1  and 
then  it  is  transferred  to  the  axis. 
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The  moment  of  inertia  due  to  the  vertical  tails  is  the  moment  of  inertia  of 
a  cylinder  of  air  with  its  axis  vertical  and  a  diameter  equal  to  the  chord 
of  the  tail.  Its  letv  h  is  the  tail  height  to  the  center  line  and  the 
appropriate  aspect  ratio  correction  is  applied.  This  is  transferred  to  the 
axis  and  added  to  the  moment  of  inertia  of  the  hulls. 

Rolling  Added  Mass  Moment  of  Inertia  : 

Rolling  of  the  hulls  about  their  respective  center  lines  produces  no  added 
moment  of  inertia.  The  main  contribution  of  the  hu^ls  is  due  to  the  tan¬ 
gential  acceleration  of  the  hull  section  about  the  roll  axis  on  the  center 
line.  This  is  calculated  as  a  canted  ellipsoid  utilizing  the  appropriate  k 
factors . 

The  vertical  tails  contribute  very  little  to  the  roll  inertia  due  to  the 
geometry  of  their  location,  and  so  are  neglected. 

The  horizontal  tail  contributes  the  added  moment  of  inertia,  modified  of 
the  appropriate  k  factor,  of  the  mass  of  air  contained  in  a  cylinder  whose 
diameter  is  the  chord  and  rotated  about  its  center  chord  as  an  axis. 
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U.  SUSPENSION  SYSTEM  GEOMETRY 

The  location  of  the  confluence  point  of  the  bridle  suspension  lines  establishes 
the  angle  of  attack  at  which  the  balloom  trims.  As  part  of  the  parametric  study  of 
stability  characteristics  it  was  of  interest  to  know  the  effects  of  trim  angles 
of  attack  and  vertical  location  of  the  apex  of  the  bridle.  Bridle  geometries 
for  the  tethered  balloon  systems  of  interest  were  established  and  variation  of 
angle  of  attack  .was  computed.  The  results  are  plotted  in  Figures  69  through  7 6. 

5 .  EFFECT  OF  INCREMENTS  OF  OPERATIONAL  WIND 

For  a  balloon  system  designed  to  fly  at  altitude  in  an  operational  wind  the 
tether  length  will  change  as  winds  are  reduced  to  maintain  the  flight  altitude. 
This  variation  for  the  BJ  balloon  with  Nolaro  tether  for  flight  at  10,000  feet 
is  given  in  Figure  77* 
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